Elastic plastic bending of stepped annular plates
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Abstract: Axisymmetric bending of annular plates subjected to the distributed transverse pressure is studied. The
plates under consideration have piece wise constant thickness of carrying layers and are fully clamped at the inner
edge whereas the outer edge is absolutely free. It is assumed taht the material of the plate is an ideal elastic
plastic material obeying the square yield condition and the associated flow law in the stage of plastic deformations.
Assuming that displacements, generalized stresses and strains remain axisymmetric and making use of the pure
bending theory of thin plates the stress strain state of the plate is determine for the initial elastic and subsequent
elastic plastic stages of the deformation. Numerical results are presented for a plate with a single step of the

thickness.
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1 Introduction

Plates and shells are widely used in various fields of
technology and engineering. The behaviour of plates
and shells in the range of elastic deformations has
been studied by many authors (see Reddy, 2007; Vin-
son, 2005; Ventsel, Krauthammer, 2001).

It is wellknown that the structural material is used
in more efficient manner and the ratio of the strength
to weight is larger if inelastic deformations are taken
into account when designing the structure. Although
the early results of the behaviour of elastic plastic cir-
cular and annular plates have obtained a long ago by
Hodge (1960); Tekinalp (1957) the most of the at-
tention is paid to plates of constant thickness only.
Comprehensive reviews of these investigations can be
found in the books by Chakrabarty (2000), Kaliszky
(1989), Save, Massonnet, Saxce (1997); Yu, Zhang
(1996). Hodge introduced an essential simplification
of inelastic problems in the case of a Tresca mate-
rial making use of the yield surface consisting of two
hexagons on the planes of moments and membrane
forces, respectively. It was used by many investiga-
tors for getting approximate solutions. Among oth-
ers, sherbourne, Srivastava (1971) found an analytical
solution to the elastic plastic bending problem in the
range of large deflections.

In the present paper the elastic plastic bending
of annular plates of piece wise constant thickness is
studied. It is assumed that the material of the plate
clamped at the inner edge is an ideal plastic one obey-

ing the square yield condition.

2 Problem formulation and basic hy-
pothesis

Let us consider the axisymmetric bending of an an-
nular plate subjected to the transverse pressure of in-
tensity P = P(r), where r is the current radius. As-
sume that the internal edge of the plate of radius a is
clamped whereas the external edge of radius R is ab-
solutely free.

The plate under consideration has sandwich-type
cross section. It consists of two rims or carrying layers
of thickness h whereas the space between the rims is
stuffed with the core material. The latter is not able
to resist to normal loads. Let the layer of the core
material be of thickness H = const and the carrying
layers be of piece wise constant thickness, e. g.

h=h, (1)

for r € (aj,aj41), where j = 0,1,...,n. Itis rea-
sonable to denote ag = a and a1 = R. The thick-
nesses hg, ..., h, and the step location ay, ..., a,
are assumed to be given geometrical parameters of the
plate.

The behaviour of the plate will be prescribed with
the first order bending theory of thin plates corre-
sponding to small deformations and small displace-
ments (see Vinson, 2005; Reddy, 2007). The stress



state is defined by bending moments M7, M5 in the ra-
dial and circumferential direction, respectively. Note
that the membran forces will be neglected according
to current approach. The third generalized stress com-
ponent to be taken into account is the shear force )
but this component does not contribute to the strain
energy when the bending theory is used. Moreover,
the shear force, although appearing in the equilibrium
conditions, can be eliminated from the equilibrium
equations and thus does not involve in the set of gov-
erning equations.

As regards kinematical quantities the only dis-
placement to be taken into account is the transverse
deflection W = W (r) whereas the radial displace-
ment can be ignored according to the current ap-
proach. The strain components corresponding to the
generalized stress components M;, Mo are the curva-
ture components k1, k9 in the radial and circumferen-
tial direction, respectively.

It is assumed that the stress strain state induced by
the axisymmetric transverse pressure is axisymmetric
at each stage of the pressure. Thus the stress and strain
components are defined at each point of the plate by
the current radius and the given pressure level.

Material of the plate is assumed to be an ideal
elastic plastic material obeying the square yield con-
dition in the plastic (inelastic) stage of deformation.

The aim of the paper is to determine the trans-
verse deflection as well as bending moments distribu-
tions in the elastic and subsequent inelastic stages of
deformation for given transverse pressure levels.

3 Basic equations and concepts

Making use the theory of plates with small deflections
and small deformations the equilibrium conditions of
an element of an axisymmetric plate furnish the equa-
tions (see Reddy, 2007; Ventsel and Krauthammer,
2001)

M)~ My —rQ =0, 5 (rQ) = —Pr, @)
provided no external shear loading is applied to the
plate. The assumptions of the classical thin plate the-
ory require that transverse shear deformations be zero.
However, the shear force () is to be taken into account.

The strain components associated with the bend-
ing moments M7, My in the pure bending theory are

*W dw
- =——. 3
ar? "2 rdr )
It is well known that in the case of lower values of
the pressure loading the plate is pure elastic. The elas-
tic behaviour of the material can be prescribed with

K1 =

Hooke’s law. The latter is to be presented in the gen-
eralized form as (Reddy, 2007)

M = Dj(k1 + vk2), My = Dj(k2 + VK1)  (4)
where j = 0, 1 and in the case of sandwich plate

Eh;H?
D; = 20 — 07 5)
In (4), (5) and henceforth £ and v denote the Young
and Poisson modulus, respectively.

During the subsequent quasistatic increasing the
external loading constitutive equations (4) hold good
until the elastic limit is exhausted at an unknown point
of the plate. In the case of the pressure of constant in-
tensity the yield limit is reached at first at the center of
the plate. After that the plate is subdivided into elas-
tic and plastic regions, respectively. Let these regions
be S. and S, respectively. Since we are studying the
plate of sandwich type and the carrying layers are thin
no elastic-plastic state of deformatons occurs.

Assume that the material of the plate obeys the
square yield condition and associated flow rule (joonis
2). Thus for r € S, the stress state of the point is such
that the point (M;(r), Ma(r)) lies on a side of the
square (joonis 2). It means that at each point of the
plate are satisfied inequalities

| M| < Myj, |[Ma| < Mo (6)

where My; stands for the yield moment correspond-
ing to the thickness h;. It can be easily stated that
(Chakrabarty, 2000)

My; = ooh;H, (7N

oo being the yield stress of the material. In an elastic
region for r € S, inequalities (6) are satisfied as strict
inequalities.
Evidently, at the boundary of the plate require-
ments
Mi(R) =0,Q(r) =0 8)

and
Wi(a)=0 9)

must be satisfied at each loading level.

Let us consider the governing equations sepa-
rately in elastic and plastic regions, respectively. In
elastic regions the stress strain state is determined ac-
cording to (2) and (4). Substituting (4) and (3) in (2)
easily leads to the equation

1d d[1d [ dw\], P(r)
rdr d[d<d>]}_ p, 10

for r € (aj,aj4+1), provided (aj;,aj+1) C Se.
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Figure 2: Moments m1, msa.

In the following it is reasonable to use non-
dimensional quantities

_ _ M _RQ
p_]%aml_ﬁiamQ_ 7q

_a _ 9 . _ PR? _w
=50 =% M, W= (11)

h; EH?h;
V= Fi’d 2(1— V2)00R2h*
where M, = ogh.H is the yield moment of a refer-
ence plate of constant thickness h..
Making use of variables (11) one can present the
equilibrium equations (2) as

((pm1) —ma) +pp=0 (12)

where prims denote the differentiation with respect to
the non-dimensional radius p.

4 General solutions in elastic and
plastic regions

Let us denote an elastic region (aj, a;41) where the
thickness of carrying layers is h; by Se;.
Making use of (10) and (11) it is easy to recheck
that the general solution of (10) can be presented as
o
w = A1jp*In p+Ag;p*+ As; lnp+A4j+64d (13)

where p € S¢j and d; = ]\[4) 7z Arbritrary constants

Ay, ... Ay; will be determined from the boundary re-

Figure 4: Square.
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Figure 1: Moment m; on stages 1, 2, 3 from left to right.

quirements and continuity conditions for w, w’, m at
the boundaries between elastic and plastic regions.

Non-dimensional bending moments can be deter-
mined according to (4) and (11) as

/

my = —d, <w” + Vw') ,my = —d; <w + uw”)
p p

(14)

for p € Se;. The terms with derivatives w’, w” in (14)
can be expressed as

Asz;
w' = A1;(2pInp+p) +24A25p+ —2

16d
and

As 3
fi+ﬂ

16d, (16)

"= A1j(2Inp+ 3) + 24y,

for p € Se;.

The third stress component besides bending mo-
ments is the shear force. It is reasonable to calculate it
from the equilibrium equations (2) or (12). From (12),
(2) one easily obtains the equation

(pq) = —pp (17
which holds good over the entire plate. The solution
of this equation which satisfies the boundary condition

q(1)=0is
pl, 1
2 P P
forp € (o, 1).

The solution of basic equations in a plastic region
S}, depends on the particular yield regime. It appears
that in the present case the stress strain state in a plas-
tic region of the plate corresponds to the sides AD or

q= (18)

DC of the square yield condition (joonis 2). Let us
consider these yield regimes in a greater detail.

In the case of the yield profile C'D one has m; =
—; for p € Sp; C (aj,a;4+1). However, it can be
rechecked (see Chakrabarty, 2000; Save, Massonet,
Saxce, 1997) that this regime can not take place at a
region of finite length.

If the stress profile lies on the side AB of the yield

square (joonis 2) then mgy = —y; and after integration
of (12) with (18) one has
2
p(p Ej
l=—yi—= = -1 — 19
1=y~ ( : ) += 9
for p € Sp;.

One of the constutive relations which has to be
met in a plastic region is the gradientality or asso-
ciated flow law (see Chakrabarty, 2000; Yu, Zhang,
1996). According to the associated flow law the vector
of strain rate components must be normal to the yield
surface at each point of a plastic region. In the present
case it means that the vector & = (i1, k) is parallel to
the horizontal axis if the stress strain state corresponds
to the side C'D (joonis 2) and it is vertical if the yield
regime AD takes place. Moreover, according to the
Drucker’s postulate the strain rate vector is to be di-
rected along the outward normal to the yield surface
at the current point. The strain rate vector can be de-
termined by differentiating relations (3) with respect
to time. Instead of time one can use the load intensity
P. In the frameworks of the linear theory of plasticity
corresponding relations can be integrated with respect
to time and thus one can use the gradientality law re-
placing the strain rates with strain components.

For instance, in the case of the yield regime AD
one has x1 = 0 and thus

w=Ajp+ B; (20)



for p € S);, where A;, B; are arbritrary constants.
However, on the side C'D of the yield condition (joo-
nis 2) ko = 0 and thus w = const. This is one of but
not the only reason why the regime C'D does not take
place in a region of finite length.

S The pure elastic stage of deforma-
tion

As the intensity of the pressure loading is increased
from zero, the entire plate is elastic until the stress
profile reaches a side of the yield condition. However,
during the elastic stage the stress profile lies inside the
square ABC'D (joonis 2) where v = min ;.

During this stage of laoding the deflection is de-
fined by (13), bending moments and the shear force by
(14) and (18), respectively. For determination of un-
known constants one can use the boundary conditions
w'(a) = w(a) = 0, m1(1) = 0 and the continuity
requirements

[w(ey)] =0, [w'(e;)]
for j = 1, ..., n where the square brackets denote
finite jumps, e. g. [2(a;)] = z(o; +0) — z(a; — 0).

It appears that the general solution in the form
(13) may involve inadequate solutions for particular
cases. In order to avoid this one has to check if the
shear force in the form (18) concides with that follow-
ing from the first equation of the system (2).

Let us denote

=0,[mi(a;)] =0 (2D

pq = (pm1)’ — ma. (22)

Evidently, § = ¢. Thus one has to check if the con-
straints

a(p) = alp) (23)
for p € Sej (j = 1, ..., n) with the boundary condi-
tion (1) = 0 are satisfied. Making use of (13) - (16)
and (18) with (22) it is easy to show that equalities
(23) take place if

p
Ay =—— 24
1j 8d] ( )

forj=0,..,n

Thus, for determination of 3n + 3 unknown con-
stants Aoj, Asj, Asj (j = 0, ..., n) one has three
boundary conditions and 3n continuity conditions
210).

Making use of (14), (15), (16) and taking (24) into
account it is easy to determine the bending moments

_ —pp*(3+v)

my 5 — g2l +v)Inp+3+v]-

~2(1 + v) Agyd; + Audif=)
(25)

and

—pp? (143
my = 2 _ Py 4

v)lnp+ 1+ 3v]—
_ ( )A2]d +A31d i (1=v)
(26)
fOI‘p S (aj,aj+1),j =0,..,n

It is interesting to remark that the distribution of
the shear force does not depend on the distribution of
thicknesses, as it can be seen from (18). At the same
time other stress components (bending moments) do
depend on the thicknesses.

The elastic loading stage completes at the mo-
ment when the stress profile reaches the side CD of
the yield square. In the case of a plate of constant
thickness the plastic yielding happens at first at the in-
ternal edge of the plate for p = «. At the limit stage
between the fully elastic stage and inelastic stage for
P =Do

mi(a) = —7o. 27

Note that, in principle, the plastic yielding may
start elsewhere, as well. If, for instance, the inner
annulus is very narrow and the thickness hg is large
whereas the next annulus has very small thickness
then the yield can start from the next annulus. How-
ever, these cases will not studied in the present paper.

6 Elastic plastic stage with the hinge
circle

Assume that during this stage of deformation the plas-
tic hinge circle is located at the internal edge of the
plate for p # [ is elastic as during the previous stage.
However, due to the hinge the boundary condition
w'(a) = 0 is no more valid. For determination of
unknown constants Ay;, Asj, A4; one can use rela-
tions (21) - (23) with boundary conditions w(«) = 0,
m1(1) = 0 and (27). Note that (24) remains valid,
as well. The latter admits to present the deflection for

p € [aj; aj] as

*(p* =81
w = b (p64d- np) +A2j,02+A3j In ,0+A4j. (28)
7

Making use of (28), (25) and satisfying boundary
conditions w(a) = 0, m1(a) = —7p results in

2 2781
AgoOéQ + A30 Ina = —A40 —pxrle—cna) (%4d0 na)’

~2450(1 + v)do + Az 27 = (29)

=~ + pa (3+1/) + p[2(14v) 18na+3+11}
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Figure 5: Moment m. on stages 1, 2, 3 from left to right.

Finally, employing the continuity conditions (21)
with boundary conditions (29) and m;(1) = 0 ad-
mits to determine unknown constants Ao;, Asz;, Asj
foreachj =0, ..., n.

This stage of determination will be completed
when the stress profile at p = « reaches the point D
(joonis 2) so that ma(a) = —~p. Let the correspond-
ing value of the external load intensity be p;.

7 The elastic plastic stage with a
plastic region of finite length

It is reasonabelt to assume that during the subsequent
increasing the tansverse pressure plastic deformations
take place for p € Sy, p € [, ] where 7 is a pre-
viously unknown constant. The plastic region corre-
sponds to the yield regime DA (joonis 2). Thus, for
p € (a,m)

(30)

The distribution of the radial bending moment m;
can be calculated by (19) taking j = 0. As at p = S,
m1 = —p the arbitrary constant Fj is to be

ma = —70-

ap
)= —

£(5-)

Thus the bending monet is defined as

2 2
p(p ap [«

= - P )+ 22 ) 32

mi Y0 2<3 >+2p<3 >(3)

for p € [a, ).

The tranverse deflection has the form (20) in the
plastic region Syo. According to the boundary condi-
tion w(a) = 0 must be By = —Apa. Thus

€2y

w= Ap(p — ) (33)

for p € [, 7).

Since we can now define w(n), w'(n), mi(n)
the subsequent solution procedure is similar to that
accomplished in the previous section. Note that for
p > 1 the plate is elastic. For determination of the pa-
rameter 7 one has to use the continuity of the moment
my taking ma (1) = —7o.

8 Several plastic regions

The previous stage of loading terminates at the mo-
ment when plastic yielding takes place in the sec-
tion S,1 or in another section. Let us assume for the
conceteness sake that the stress profile reaches to the
corresponding yield level at p = a; when p = po.
Thus for p > po the plastic deformations take place
in the region (aq,71) as well as in (a, 7) which con-
tinues the extension. It means that my = —~g for
p € (a1,m).

The bending moment distribution for p € .Sy,; can
be defined according to (19) with the unknown con-
stant F;. Similarily the deflection w is given by (20)
with unknown constants 44, Bj.

The procedure of the determination of constants
of integration is similar to that accomplished in the
previous case. Now we have to take into account
that the region (7, 1) between plastic regions remain
elastic. Here we have unknown constants Ay, Asq,
Ay41. The number of unknowns in each region is, thus,
three. For determination of these constants the conti-
nuity requirements for my, w, w’ are applicable. Fi-
nally, the parameters 1, n; are to be determined from
equations ma(n) = —7o and mo(n;) = —71 Where
mey is calculated for an elastic region according to (26)
with previously defined constants Asj, A3;.



9 Numerical results

Results of calculations in the case of plates with a sin-
gle step are presented in Fig. 3. The results regard to
the plate with inner radius a = 0.2R.

The stress profiles on the plane of moments m,
mg are shown in Fig. 3 for different values on the
load intensity. It can be seen from Fig. 3 that the pro-
files corresponding to smaller values of the load p lie
wholly inside the square |m;| < 1, [mg| < 1. When
the load intensity increases until p = p; the end of the

profile reaches the side m; = —1 and for p = po the
corner point where m; = mgy = —1. During subse-
quent growth of the load intensity the end of the stress
profile lies on the side ma = —1 as it was expected
theoretically.

Distributions of bending moments m; and my are
presented in Fig. 4 and Fig. 5, respectively. it can
be seen that when the load increases the stress state
tends to the pure plastic state. In the case of a plate of
constant thickness in the pure plastic state mo = —1.
In the case of a stepped plate it can be such that mo =
—;j for p € (o, j41), j =0, ..., n.. However, the
question which is the stress state at the plastic collapse
can be answered by the limit analysis of the plate of
particular shape.

10 Concluding remarks

A method for theoretical investigation of axisymmet-
ric plates subjected to the distributed transverse pres-
sure was developed. The material of plates was as-
sumed to be an ideal elastic plastic material obeying
the square yield condition and the associated flow law
in the range of inelastic deformations. In order to get
maximal simplicity of the posed problem hardening
of the material as well as geometrical non-linearity of
the plate behaviour were neglected.

It was assumed that the plates under considera-
tion had piece wise constant thickness with arbitrary
number of steps. Exact solutions were developed for
the case when the plate is clamped at the inner edge
whereas the outer edge is absolutely free. As a re-
sult of the solution procedure a succession of stress
states which are in equilibrium with the external load-
ing were constructed that led from the wholly elastic
to the elastic plastic state and finally to the plastic col-
lapse state. Since a plate of variable thickness can be
approximated with an appropriate choise of the piece
wise constant thickness the present solution technique
is applicable for approximate solution of similar prob-
lems in the cases of plates of variable thickness.
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