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INTRODUCTION

The reduction of the structural compliance of thin walled beams, plates and shells is
often the primary concern in the engineering mechanics. The need for reduction of
the compliance and the increase of the structural stiffness is related to the use of light-
weight structures which are less material consuming than the traditional structures.
One of the ways of increasing the stiffness of beams, plates and shells is to furnish
these structural elements with additional supports. Evidently, it is reasonable to settle
these supports at the optimal positions.

The problem of minimization of the compliance of elastic beams and the determi-
nation of the optimal location of the additional support was first formulated by Mroz
and Rozvany [24]. In the paper [24] designs of minimum compliance of beams are
established in the case of quasistatic loading. Later Szelag and Mroz [31], Akesson
and Olhoff [1] treated the problems of maximal eigenfrequency for given stiffness
with respect to the location of the additional support. Bojczuk and Mroz [4] de-
veloped a new method for simultaneous optimization of topology, configuration and
cross-sectional dimensions of elastic beams and beam structures extending earlier re-
sults by Garstecki and Mroz [8], Mroz and Lekszycki [24], also by Lepik [23]. In
the subsequent papers by Bojczuk and Mroz [5] this concept was applied for optimal
design of active supports with force actuators. Olhoff and Akesson [25] treated the
stability of columns and Wang et al [35] studied the buckling of axisymmetric plates.

A lot of attention has been paid in the literature to the optimization of internal
supports to beam, plate and shell structures in the case of inelastic materials. Probably
the first paper in this area is due to Prager and Rozvany [27]. Systematic reviews of
results obtained in earlier papers are presented by Rozvany [29], also by Lellep and
Lepik [15]. Optimal designs of circular cylindrical shells with additional supports
are established by Lellep [11, 14] in the case of dynamic loading and an ideal plastic
material. The behaviour of geometrically non-linear cylindrical shells with internal
supports is studied in [13, 12, 14, 16].

Optimal designs of axisymmetric plates and shells of various shape made of elas-
tic and inelastic materials are established in [19, 20, 21, 22]. Inelastic spherical and
conical shells are studied in [20, 21, 22] whereas a stress strain analysis of an annular
plate made of an elastic plastic material is presented in [18].

A design sensitivity analysis for the deflection of beam or plate structures was
undertaken by Wang [36] in the case of simple supports located at given mesh nodes.
Stiffened sector plates are studied in [32].

In the present work an analytical method of determination of positions of rigid
ring supports for circular plates is developed. The analysis is confied to the axisym-



metric response of elastic plates to subjected loads.

Plates and shells are widely used in various fields of technology and engineer-
ing. The behaviour of plates and shells in the range of elastic deformations has been
studied by many authors (see [28]; [34]; [33]).

The practical need for light weight structures has increased the importance of
investigations of composite materials, also sandwich plates and shells and of these
manufractured from composites. The foundations of the analysis and design of sand-
wich structures was developed by Allen [2] and Plantema [26]. Elastic circular sand-
wich plates subjected to the ring load have studied by Magnucki, Jasion et al (2014).
The comparison of the analytical, numerical and experimental results reveals small
discrepancies between theoretical predictions and experimental data. These are prob-
ably due to the approximate determination of the mechanical properties of the core
material. The influence of shear forces on the bending of circular plates was studied
by Reddy, Wang (1997).

There exists a large number of books dedicated to the foundations of composite
materials. It is worthwhile to mention among others the books by Herakovich (1998),
Jones (1999).

It is wellknown that the structural material is used in more efficient manner and
the ratio of the strength to weight is larger if inelastic deformations are taken into
account when designing the structure. Although the early results of the behaviour of
elastic plastic circular and annular plates have obtained a long ago by Naghdi (1952),
Hodge (1960); Tekinalp (1956) the most of the attention is paid to plates of constant
thickness only. Comprehensive reviews of these investigations can be found in the
books by Chakrabarty (2000), Kaliszky (1989), Save, Massonnet, Saxce (1997); Yu,
Zhang (1996). Hodge introduced an essential simplification of inelastic problems
in the case of a Tresca material making use of the yield surface consisting of two
hexagons on the planes of moments and membrane forces, respectively. It was used
by many investigators for getting approximate solutions. Among others, Sherbourne,
Srivastava (1971) found an analytical solution to the elastic plastic bending problem
in the range of large deflections.

The exact analysis of elastic plastic plates is quite complicated. This involves
the need for physically reasonable simplifications. An effective simplification is in-
troduced by Haythornthwaite (1955) and Tekinalp (1956, 1957). Haythornthwaite
suggested to assume that any plate element is either entirely elastic or entirely plas-
tic. This assumption is fulfilled in the case of a sandwich plate consisting of two
carrying layers and of a core material between the rims. Haythornthwaite (1955)
investigated the elastic plastic bending of an annular plate loaded by the central ab-
solutely rigid boss. The plate is clamped to the boss at the inner edge and simply
supported at the outer edge. An exact theoretical solution is derived for a plate made
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of a Tresca material.

Tekinalp (1956) studied the circular plate simply supported at the edge and sub-
jected to the uniformly distributed transverse pressure. The solution for a plate
clamped at the outer edge was obtained a little later. The solutions in both cases
consist of the initial elastic stage and several subsequent elastic plastic stages of de-
formation.

The complete elastic plastic analysis of centrally clamped annular plates carrying
uniformly distributed transverse loading was undertaken by French (1964) within the
frame works of the pure bending theory of thin plates. Exact stress profiles lying
partly inside and partly on the yield hexagon are developed for the elastic and elastic
plastic stages of the deformation. It is assumed by French (1964) that the plate is a
sandwich construction and that the material of carrying layers obeys the Tresca yield
condition. The elastic plastic bending of circular and annular plates made of a Tresca
material was also studied by Hodge (1960, 1968).

Elastic plastic deformations of axisymmetric plates made of a von Mises mate-
rial are investigated by Eason (1961), Sokolovski (), Lackman (1964), Popov et al
(1967), Turvey (1979), Turvey and Lim (1984), Turvey and Salehi (1991), Ohashi
and Murakami (1964).

The classical concept of an elastic plastic body admits the exact definition of
yielding and of the yield-point load. It is shown earlier by Tekinalp (1956), Hodge
(1960) and others that in the case of the Tresca material and a plate subjected to the

uniformly distributed transverse pressure of intensity p the onset of yielding corre-

_16Mo g — BMo o imoly sup-
R0+ 0) and p = 2 or simply sup
ported and clamped plates, respectively. Here v is the Poisson ratio, R and M
stand for the radius of the plate and the yield moment of the material, respectively.
The concept of gradual yielding introduced by Richard and Abbott (1975) for one-
dimensional structures was extended to circular and annular plates by Upadastra,
Peddieson, Buchanan (2006) and Khalili, Peddieson (2013).

Elastic plastic bending of axisymmetric plates in the range of large deflections
was investigated by Ohashi, Murakami, Endo (1967), Sherbourne and Srivastava
(1971), also Gorji and Akileh (1990), Turvey (1978). Stress and strain distribu-
tions in rotating disks made of a Tresca material are determined by Giiven (1992)
and Gamer (1985). In the cited papers solid and sandwich plates and rotating disks
are investigated assuming that the material is an ideal elastic plastic material with-
out strain hardening. Plates made of a hardening material were studied by Boyce
(1959), Hwang (1960), Tanaka (1972). Wen (1998), Kirs, Kenk (1990) considered
work-hardening circular plates subjected to dynamic loading under different circum-
stancies.

The use of the classical bending theory based on Kirchhoff hypotheses is justified

sponds to the values of the pressure p =
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in the case of thin plates and homogeneous materials. In more complicated cases
the shear stresses must be taken into account as shown by Oblak (1986), Nagai and
Ito (1991). Sawczuk and Puszck (1963) developed similar concept for ideal plastic
plates.

Reddy and Wang (1997) investigated relationships between the classical pure
bending theory and the shear deformation theory applied to the bending of circular
and annular plate. The full discription of the shear deformation theory of plates and
shells can be found in the book by Wang, Reddy, Lee (2009).

In the present work the elastic plastic bending of annular plates of piecewise
constant thickness is studied. It is assumed that the material of the plate clamped at
the inner edge is an ideal plastic one obeying the square yield condition.
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CHAPTER 1
BASIC EQUATIONS AND CONCEPTS

In this chapter the governing equations consists of the equations of equilibrium and
the physical relations for elastic and plastic regions for the thin walled circular and
annular plates will be presented. For the sake of simplicity a thin walled plate with
constant thickness is considered.

1.1 Equations of equilibrium

We consider axisymmetric deformations of a circular plate subjected to the axisym-
metric transverse loading of intensity P = P(r). Here r is the current radius e. g. the
distance from the center of the plate. As we are studying the axisymmetric response
of the plate all points lying at the circle with radius » have common displacements
W (r) in the transverse direction as well as common deformations and curvatures 1,
ko in the radial and circumferential directions, respectively. Note that the radial dis-
placement will be neglected in the present study since the classical equations of the
bending theory of thin plates will be used.

Prdrd 6

Figure 1.1: An element of the circular plate.

In the present study we shall employ the linear theory of thin plates (see Reddy
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[28], Vinson [34]). According to this approach one can treat the equilibrium of in-
ternal and external forces and couples on the basis of an undeformed element of the
plate. Let My, M5 be the generalized couples called bending moments in the radial
and circumferential directions, respectively. Bending moments M7, M> are the only
generalized stress components contributing to the internal energy. Note that the mem-
brane forces are assumed to be small so that one can neglect the membrane action of
internal forces. Although the shear force () may be finite it does not contribute to
the internal energy in the classical plate theory. The reason is that the corresponding
strain component vanishes.

In the frameworks of the classical plate theory where axial symmetry is retained
the couples M7, M, with forces () and P form a system of forces and moments which
keep the element of the plate in equilibrium. The equilibrium conditions of the plate
element presented in Fig. 1.1 can be written as

di(er) — My —1Q =0,
" (1.1

d
%(TQ) + P(r)r =0.

Note that in the following the influence of membrane forces N1, Ny will be neglected.

1.2 Hooke’s law

If the material of the plate is an ideal elastic material the Hooke’s law holds good.

1

6125[01—V(02+03)]; ’7122%2;
1

g9 = E[az —v(o1 + 03)]; M3 = %; (1.2)
1

6325[03—V(01+02)]; 723:%-

Here €, v, ( = 1,2, 3) stand for strain components whereas o, 7; (j = 1,2, 3) are

stress components; E is the Young modulus, v is Poisson ratio and G =

2(1+v)
In the case of plane stress state when €3 = 0, 793 = 03 = 0 one has
1 1
81:E(UI_V02)7 €2=E(UQ—V01), ’}/12:% (1.3)

or in the inverted form.
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The strain components can be expressed via displacements u, v, w in the direction
of coordinate axes, respectively. Making use of polar coordinates (now w is directed
in the radial direction and v in the circumferential direction) one has

_ou
c1 dr’
u 10v
= —_—— 1.4
270 r 00’ 14
ov v 10u

=yt ee

In the case axisymmetric loading it is expected that the stress-strain state is also
axisymmetric, provided the boundary conditions at the edges of the plate are axisym-
metric. Now the displacements do not depend on the polar angle © and one has

du
€1 = —
1 dT7
U
€2 = —, (1.5)
r
o
2= T

In its original form Hooke’s law is presented via principal stresses as (see Reddy
[28D),

E E

o1 =——(e1+ver), o2= 1-.2

1 (e2+ver), T2 =Ga. (1.6)
— UV

Using the generalized stresses (bending moments)

h h h
M, = /2 =o12dz, My = /2 =ogzdz, Mz = /2 =T2zdz - (1.7)
h h
—h —h -

h
2

and
h
2
Q —/ = T13dz (1.8)
-4
one has
M; = D(%l + I/%Q), My = D(%Q + V%1> (1.9)
where 1, 2z are the curvatures and
Eh?
D=—— 1.10
12(1 — v?) ( )
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in the case of a solid plate and

EhH?
D=—7—+— 1.11
21— 12) (111
in the case of a sandwich plate. In (1.11) H stands for the total thickness and 4 is the
thickness of carrying layers.
According to Kirchhoff hypotheses one has

€1 = 2, €9 = 2o (1.12)

where z is the distance between a current point and the middle surface of the plate.
Principal curvatures ¢, sc2 can be expressed as

2
%1:—%, %2:—%% (113)
where W is the transverse deflection or displacement in the z-axis of points lying on
the middle surface.
Substituting strain components (1.12) in (1.6) and integrating over the plate thick-
ness yields the generalized Hooke’s law (1.9).
The stress strain state is determined according to (1.1). Substituting (1.7) in (1.1)
easily leads to a fourth order equation with respect to the deflection W known from
the theory of elastic plates (see Reddy [28], Vinson [34]; Ventsel, Krauthammer [33])

1d ( df1d [ dw _ P(r)
rdr {d {d U)H = (1.14)

The general solution of this equation can be presented in the case P = const as

P 4
W:M%+A1r21nT+A2T2+A31nT+A4 (1.15)

where A; — A4 are the integration constants.

1.3 Yield criteria

The theories of plasticity are based on experimental observations regarding the be-
haviour of inelastic materials. The experiments show that a rod in a simple tension
test remains elastic until the stress does not exceed a limit value, called the yield stress
0. In this thesis it is assumed that the stress strain curve can be approximated by two
straight lines shown in Fig. 1.2. Thus, according to this model a one-dimensional
body (a rod under tension) remains elastic if |o| < 0.

16
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Figure 1.2: The stress-strain curve.
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Figure 1.3: Tresca’s yield hexagon.

However, in the general case the stress state of a material element can be rep-
resented by a point in a nine-dimensional stress space with coordinates o;; (¢,7 =
1,2, 3). Theoretical considerations and experimental investigations show that around
the origin of the stress space there exists a closed convex surface

@(0'11,0'12’.,,70'33) =0 (116)

surrounding the region of the body where elastic deformations take place. The points
lying on this surface correspond to the points of the body where plastic deformations
occur.

In the case of axisymmetric thin-walled plates the yield surface (1.16) can be
expressed via bending moments as

O(My, Mo, My) = 0 (1.17)
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S

S

—
M 1
M,
Figure 1.4: Von Mises yield ellipse.
where M stands for the yield moment. Evidently
h2
My = 22 (1.18)
4
for solid plates and
My = oohH (1.19)

for sandwich plates.
The most often used yield conditions are the Tresca (Fig. 1.3) and Mises (Fig. 1.4)
conditions.

1.4 Associated flow rule

In the general case the yield criterion (1.17) holds good. In the theory of plasticity
it is shown that the strain rate vector £ is directed outwards the yield surface (see
Chakrabarty [7], Kaliszky [10], Sawczuk, Sokol, Supel (1993)). Thus

A0Dg
P 4 1.20
€ij 905, (1.20)
for ¢,7 = 1,2,3. In (1.20) X stands for a non-negative scalar multiplier and dot

denotes the derivative with respect to time. Using the generalized stresses and the
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yield criterion in the form (1.17) one has

A0 L _ 0%
oM’ 27 My

) = (1.21)
where 21, 25 stand for the curvatures.

At the non-regular points of the yield surface the strain rate vector is formed as
a linear combination with unknown coefficients of outward normals to the adjacent
portions of the yield surface.

Note that in the ’deformation theory” of plasticity instead of strain rate the strain
components themselves are used.

Let us consider the case when the behaviour of the material in plastic stage corre-
sponds to Tresca’s yield condition (Fig. 1.3) and to associated gradientality law in a
greater detail. The latter means that if the stress point is lying at an edge of Tresca’s
hexagon then the vector of curvatures with components (1.13) is directed towards
external normal to the edge. It will be shown that in the case of a circular plate sub-
jected to undirectional transverse loading the yield regime My = M takes place,
where M stands for the yield moment.

If the stress state of the plate corresponds to an internal point of the side BC' of
the yield hexagon, then according to the gradientality law 1 = 0, 59 > 0. Thus

a*w

0z = 0 (1.22)
in this case. Making use of the deformation theory the general solution of the equa-
tion (1.22) can be presented as

W=Ar+ B (1.23)

where A and B are the constants of integration.

If the stress strain state of the plate in certain region corresponds to a non-regular
point of the yield curve (for instance, the corner point B in Fig. 1.3), then the strain
rate vector lies inside the angle formed by external normals to crossing sides.

At the point B of the Tresca hexagon (Fig. 1.3) M} = M> = M and the associ-
ated yield law states that s¢; > 0, 30 > 0. Thus the exact expressions of strain rates
remain unknown here.

Note that if the stress strain state corresponds to an interiour point of the yield
hexagon (Fig. 1.3) then the plate material remains elastic in this region and Hooke’s
law holds good.
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CHAPTER 2
BENDING OF ELASTIC PLASTIC CIRCULAR PLATES

2.1 Preliminaries and basic hypotheses

Let us consider the quasistatic behaviour of an elastic plastic circular plate of radius
R under the lateral pressure of intensity P = P(r), r being the current radius. It is
assumed that the plate is of sandwich-type consisting of carrying layers of thickness
h and of a core material between the rims. The thickness of the layer of the core
material is H. We assume that

h = h;, 2.1

for r € (aj,a;4+1); 7 = 0,...,n. The quantities a;, h; are treated as preliminary
known parameters. For the sake of convenience we take ag = 0; ap+1 = R. The
response of the plate to the external loading will be prescribed by the classical plate
theory. The stress components contributing to the strain energy are the bending mo-
ments My, My in the radial and hoop direction, respectively. Corresponding strain
components are the curvatures sr;, so which can be determined via the transverse
deflection W = W (r).

It is assumed that the radial bending moment M; as well as the shear force @,
deflection W and slope dW/dr are continuous for each r € (0, R). However, the de-
flection slope may have discontinuities at sections where M; = Mj (see Chakrabarty
(2006), Kachanov (), Yu Chang ()). It means that

W (a;)] =0,
[Cm;(aj)] _o, 2.2)
—0

[Mi(ay)]

and

(1M1 (a;)| — My) [ 23

dW(aj)] 0
The aim of this chapter is to determine the stress strain state of the plate for the

initial elastic and subsequent elastic plastic stages of loading.

If the load intensity is high enough plastic deformations occur in certain regions.

Now the plate is divided into elastic and plastic regions. Let us denote these regions

Se and S}, respectively. In a plastic region the stress state corresponds to a point

lying on the yield surface (or a yield curve). It is assumed that the yield condition can
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Figure 2.2: Diamond yield condition.
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be presented by the diamond ABC D shown in Fig. 2.2. Here My; denotes the yield
moment. In the case of a sandwich plate with the rim thickness h;

My; = ooh;H, 2.4)

oo being the yield stress of the material. Since M; > 0, M2 > 0 in the most cases
one can assume that in the plastic region

M + My = MOj 2.5

for r € (aj,aj4+1). Note that the diamond yield condition was suggested by Jones
[3] for approximate solution of dynamic problems of plastic plates.

According to the associate flow law on the side AB of the diamond one has
1 = o where dots denote the differention with time or a time-like parameter.
Making use of (1.13) and the deformation-type theory of plasticity the gradientality

law results in the equation

2
eW1aw 26

o dr
2.2 Integration of governing equations in elastic regions

Assume that the portion of the plate for r € (a;, a;1) is in pure elastic stress-strain
state. For determination of stresses, strains and displacement one has the equations
(1.1)—(1.9). Substituting (1.9) with the help of (1.13) in the equilibrium equations

(1.1) results in
1d d |1d dw P(r)
—— S r— |- r— = —= 2.7
rdr {Tdr [rd’r <7° dr )]} D; 27

for r € (aj, aj4+1) and where

Eh;H?
Dj=_——1—-. 2.8
T 2(1 —v?) 28)
This is true under the condition that this intervalt belongs to the set Se.
One can easily recheck that the general solution of the equation (2.7) is

P 4
W = Ale2 Inr + AQjT‘2 + Agj Inr + A4j + 64771") 2.9
J
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where A1; — A4 are arbitrary constants.
Bending moments have the form

P2
M, = —-D,; M+A1j[21nr+3+u(2lnr+l)]
16D,
Asi(v—1
+2Azﬂl%—u)+:ﬁ$;)},
Pr2(1+3v) 10
My = —-D,; ¥+A1j[21nr+l+u(2lnr+3)]
16D;
As;i(1—
+2A2ﬂ14—u)+:ﬁiabq}.

2.3 Elastic stage of deformation

In the case of smaller values of the intensity of the transverse pressure the plate
remains elastic. In the elastic stage the stress strain state of the plate is defined by
(2.9) and (2.10).

Let us consider now a particular case of the problem posed above when n = 1
and the thickness distribution is

ho, e [O,CL]
h = (2.11)
hi, r € [a, R].

Let the applied loading be of constant intensity. For the concreteness sake let us
assume that the plate is simply supported at the edge. Thus at the boundary of the
plate

(2.12)
W (R) = 0.

Here in (2.9) and (2.10) one has to take j = 0, if r € [0,a] and j = 1, if
r € [a, R].
Calculating the shear force for the elastic plate one reaches to the relation

Q=1<d&Mﬂ—Ma. (2.13)

r \dr

Substituting My, Ms from (2.10) in (2.13) one can see that the shear force is contin-
ious all over the plate and thus constants Aq; = 0.
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Evidently, M;(0) must be finite. Thus it follows from (2.9) that A3y = 0. For
determination of the rest unknown constants Asg, A4, A1, Az, A41, One can use
the boundary conditions (2.12) and the continuity requirements

[W(a)] =0,
[Mi(a)] =0, (2.14)

9]

Here and now on square brackets denote finite jumps of corresponding variables at
the given points. From the first equation in (2.12) one can express the constant
—PR2(3 + l/) A31(1 — l/)

32D1(1+v)  2R*(1+4v)’

Aoy = (2.15)

Substituting the constant Ao from equation (2.15) into the second equation in (2.12)
one can determine

_ PRY(5+v) Al -v+2(1+v)In R

Al =
764Dy (1+ v) 2(14v)

(2.16)
Making use of the continuity of the bending moment M; at » = a in (2.14) and
equation (2.15) one can express

—PR*!3+v) A3Di(1—-v)(a® — R?)
32D0(1 + I/) 2D0(1 + IJ)R2CL2

Ago = (2.17)

Substituting the constants Asg, A2; and Ay4; into the first equation in (2.14) one can
obtain

Aso

P[a4(1 + I/)(D() — Dl) + R4D0(5 + l/) + 2R2a2(3 + V)(Dl — Do)]
64DOD1(1 + V)
+A31{(1 —V)[(R? — a®)Dy + a®Do) + DoR?[2(1 + v)(Ina — In R) — 1 + 1]}
2D0(1 + V)R2 .

(2.18)
Finally, making use of equations (2.17), (2.15) and the third equation in (2.14) one
can express

B Pa’R%*(Dy — Do)[a®*(1+v) — R*(3 +v)]
© 16D1{Dgla?(1 — v) + R%2(1 +v)] + D1(v — 1)(a? — R%)}"

Asp (2.19)
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2.4 Solution of governing equations in plastic regions in the case of the
Tresca condition

On the following we assume that r € (¢;j,d;) C (a;,a;+1). Similarily to the section
(1.4) we assume that the regime BC takes place on the Tresca yield hexagon on
Fig. 1.3. According to this regime

My = My;. (2.20)
Making use of the equilibrium conditions (1.1) and integrating them one obtain

Pr?
(T’Ml)/—MQ = —7—{—0”. (221)
Substituting circumferential moment M (2.20) into (2.21), integrating the equation
once more one can express the bending moment
Pr? Ca;
My = My; — ~—+Cyj + % (2.22)
According to the equation (1.23) the deflection can be presented by the following
formula
W = Aj?“ + Bj. (2.23)

2.5 Solution of governing equations in plastic regions in the case of the
diamond yield condition

Let us consider now the case when an interval (a;, a; 1) where the thickness of car-
rying layers is h; belongs to the set .S,. In plastic regions one has to satisfy the
equations (2.5), (2.6) and the equilibrium equations (1.1). Integrating (2.6) one eas-
ily obtains

W = Ajr* + B, (2.24)

Aj and B; being arbitrary constants. For determination of stress components one can
use equations (1.1) and (2.5). The second equation in the system (1.1) gives after

integration
1
Q= — /P(r)rdr + Chj. (2.25)

It is worthwile to mention that the shear force must be continuous for » € [0, R].
However, the function P = P(r) can be discontinuous. In the particular case when
P(r) = const instead of (2.25) one has for r € [0, R]

Q=-% (2.26)
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where the symmetry Q(0) = 0 has taken into account.
Substitution of (2.5) and (2.25) in (1.1) leads to the linear differential equation

dMy  2M;y My,
4 =
dr r r

1
S / Prdr + Cy; (2.27)
"

for r € (a;,aj4+1). In order to find the general solution for (2.27) let us first consider
the corresponding homogeneous equation. Evidently, the general solution of it has
the form

c
My, = —. (2.28)
r
The method of variation of the constant in (2.27), (2.28) yields
Mo,r? Pr? Cyj
C(T) — 0" / r. o dr + " + CQ] (2.29)
2 2 3
Thus the radial bending moment in a plastic region (a;, a;1) is defined as
My, 1 pr3 Ciir Cy;
My=——-— [ —d o+ =L 2.30
T T T T (230

Integration constants C1;, Ca; in (2.30) can be determined using the continuity re-
quirements of M; at the boundary conditions. If, for instance, the plastic region
is located near the center of the plate for » € [0,nR] where n < 1 then evidently
(5 = 0. Otherwise the moment M is not limited. Thus in this case

MOO ]D’I”2

M =——-—. 2.31
1 5 g (2.31)

Here Mo denotes the limit moment for the portion of the plate with thickness hy.
The circumferential moment can be found according to (2.5), (2.31) as

MO() P7"2

My=——+

5 : (2.32)

2.6 Elastic plastic solution in the case of Tresca condition

During the subsequent increasing the load intensity the plate is divided into elastic
and plastic regions. Plastic deformations occur in the central part of the plate with
radius y. However, the outward part of the plate remains elastic. The deflection in
elastic regions is defined by equation (2.9) and moments by equation (2.10). Here
one has to take j = 0, if r € [y,a] and j = 1, if r € [a, R].

In the central plastic region the stress profile lies on the yield curve; principal
moments are defined by (2.22), (2.20), provided is relatively big. Of course at the
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same time a < R. In the case of small values of a the quantity y can be bigger than
a.

For determination of the unknown constants A, B, Aoq, Asg, Aag, Aa1, As1, As1
and y, one can use the boundary conditions (2.12), the continuity requirements (2.14)
and the continuity conditions at r = y

(2.33)

[

Making use of boundary conditions (2.12) one can determine the constants

PR2(3 =+ I/) (1 — V)Agl
Aoy = — 2.34
2T TRD(1 ) 2RI+ ) (234)

and
PRYv+5)  Asnlv—1-2(1+v)InR)]

64Dy (1 + v) 2(1 4 v)

From the first and second continuity condition in equation (2.14) one can express
costants

Ay = (2.35)

P(1—v)(Dy — Dy)[a?(1 +v) — R%(3+v)]
64DOD1(1 + V)
PR’D1(3+v)  As1(1—v){(1 —v)[(R? - a?)D; + a®Dyl}

Aoy =

_32D0D1(1 +v) 4a2R?Dy(1 + v) (2.36)
Agl(l — I/) [R2D0(1 + I/) + 2D1(6L — RQ)]
4a’R%2Dy(1 + v)
and
A — Pa*(Dy — D1)[a*(1 +v) — R%(3 +v)]
30 32D¢ D1 237
+A31{(1 — V)[(R2 — a2)D1 + azDo] =+ R2D0(1 + V)} )
2R2Dy '
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To determine the constant

Pa?*(Dy — D1)[a*>(1+v) — R2 3+ v)][v —1—-2(1 +v)Ing]
64DOD1(1 —+ I/)
+P{aQ(DO — D1)[-2R?*(3+v) +a*(1 +v)] + R*(v+5)Dp}
64DOD1(1 =+ V)
Az1(v? — 1)[(a? — R*)Dy — a?>Dp)(1 — 2Ina)
* ARZDo(1 1 v)
A1 R2Do{v? +2v -3 -2w+1)[(v+ 1)Ina — 2(lna — In R)]}
- 1RZDo(1 + 1)

Ay =

(2.38)

one can use the third continuity requirement in equation (2.14). Substituting the
constants Ao (2.36) and Asg (2.37) into the third continuity condition in equation
(2.33) one can express the constant

P(Do — D1)[a®(1 +v) — R2(3+v)][(1 = v)y? + (1 + v)a?]
32Dy D1y(1 4 v)
Py*Di[y*(1+v) = R*(3+v)] | AnyDi(1—v)(a® — R?)
16D0D1y(1 + l/) R2a2D0(1 + I/)
+A31[(1 — )y + (1 +v)a?](1 — v)[(R? — a®) Dy + a®Dy)
2R?a?yDy(1 + v)
At RDo(1 + 0)[(1 = )y + (1 + )a?)
* 2R%a?yDy(1 + v) ’

A=

(2.39)

Making use of equations (2.36-2.38) and the first continuity requirement in equation

30



(2.33) one can determine the constant

5 PDo—D))[e*(1 +v) - B3 +v)]

64Dy D1
v —1) +2(Iny — 1)(1 + v)a?]
(1+4+v)
PRRRA3+v) — 3%+ v)] | AuDi(a® — By — 1)
64Dy (1 + v) 2a°R?Dy(1 + v)

A~ DI~ a2)Dy + aDolly(1— ) +2(1 ~ Iny)a(1 + v)
4&2R2D0(1 + V)
Ay — 1)+ 2(iny — 1a2(1+ )]

+ 102 (2.40)
+Pa2(D0 —D))[a*(1+v) - R*B+v)][v —1-2(1+v)Ilngq]

64DOD1(1 -+ V)
+P{a2(D0 — D1)[-2R%(3+v) +a®(1 +v)] + R*(v +5)Do}

64DOD1(1 —+ I/)
+A31(V2 — 1)[(a® — R?)Dy — a®Dy)(1 — 21na)

4R2D0(1 + I/)
+/13,1R2D0{V2 +2v-3-2(r+1)[(r+1)lna—2(Ina — In R)]}
4R?Dy(1 + v)
To express the constant
Az = ))Z (2.41)

where
X1 = {2D1y*(—1 — 3v) 4+ 3(v — 1)(Dg — D1)[a?(1 + v) — R%(3 +v)]
(y? — a®) + 6R?y*(3 + v) D1} Pa® R? + 96 Mo D1y a? R?,
Yr = 48D (1 — v){[(R? — a®) Dy + a>Do)(1 — v)(y* — a?)

+R2Do(1+v)(y? — a®) + 2Di (a® — R?)y?}

one can make use of the second continuity requirement in equation (2.33).
Finally makig use of the last continuity condition in equation (2.33) one can ob-
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Table 2.1: 272.

y 0.0014 0.0283 0.0403 0.0499 0.0580 0.0655 0.0725 0.0792 0.0858  0.0922 0.1

P/(6Mp) 0.6685 0.6687 0.6689 0.6690 0.6692 0.6694 0.6695 0.6697 0.6699 0.6700 0.6702

tain the transcendental equation for determination of the boundary point y

P[R%2(3 +v) — y2(1 + 3v)]

MO =
16
+P{(1/ —1)(a® + y*)(Dg — D1)[a*(1 +v) — R*(3+v)]}
32D1y? (2.42)
Xr(v —1)%(a® + y*)[(a®> — R?)Dy — a®Dy) '
+ 2a2R2y2Yr
L Xrlv = D[+ 1)R*Dy(a® +y?) +2y°D1(a® — R?)]
2a2R2y2Yp

This equation is solved numerically.

2.7 Elastic plastic solution in the case of diamond condition

Similarly to the previous subsection (2.6) we assume that in the elastic regions the
deflection in elastic regions is defined by equation (2.9) and moments by equation
(2.10). Here one has to take j = 0, if r € [y,a] and j = 1, if r € [a, R].

In the central plastic region the stress profile lies on the yield curve and deflection,
principal moments are defined by (2.24), (2.31), (2.32), respectively. Making use of
boundary conditions (2.12) and continuity requirements (2.14) one can express the
constants As1, Ay1, A2, Asg, Ago by equations (2.34)—(2.38). Making use of the
equations Asg (2.36) and A3 (2.37) and the third continuity condition in equation
(2.33) one can obtain the constant

P(Dy — Dy)[a*(1 +v) — R* B+ v)][(1 — v)y? + (1 + v)a?]
64D0D1y2(1 + I/)
Py’Di[y*(1+v) — R2(3+v)]  A;1Di(1—v)(a® — R?)
32DoD12(1 + v) 9R2a2Dy(1 + v)
+A31[(1 — )y + (1 +v)a?)(1 —v)[(R? — a®) Dy + a?Dy)
4R%a?y?Dy(1 + v)
Az1 R2Do(1+ ) [(1 — v)y? + (1 + v)a?]
* 4R?a?y?Dy(1 + v) '

A:

(2.43)
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Making use of the first continuity condition in equation (2.33) and equations (2.36—
2.38, 2.43) one can express the constant

Pa*(Dg — D1)[a*(1+v) — R2(3+v)][(1 +v)(Iny — Ina) — 1]
32DOD1(1 + I/)
P{a?(Dy — D1)[a*(1 +v) — 2R*(3+v)] + R*(v +5)Dg — y*(1 + v)D1 }
+ 64DOD1(1 + I/)
+1431(1/ —1)[(a®> = R*)Dy — a®*D1](Iny — Ina)
2R2 D,
+A31[—2 +(w+1)*(Iny —Ina)+2(v+ 1)(Ina — In R)]
2(1+v)

B =

(2.44)
Substituting the constants Asg (2.36) and A3 (2.37) into the second continuity re-
quirement in equation (2.33) one can determine the constant

X4

As =
31 Yd

(2.45)

where
Xy = 16D Moa®y?R?* — Pa®R*{[4D1y*(3 + v)(R* — 4°) + 2]
+(v = 1)(y* = a®)(Do — D1)[a*(1 +v) = R*(3 +v)]},
Yy = 16D {(v — 1)*(a® — v*)[(R* — a®) D1 + a*Dy]
+R%Dy(1 +v) —24°Dy (1 — v)(a® — RH)}.

In order to obtain the boundary point y

2.8 Numerical results
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Figure 2.9: Deflection a02Rg05.
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Figure 2.14: Circumferential moment a08Rg05.
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Figure 2.18: Circumferential moment a02Rg07.
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Figure 2.20: Circumferential moment a08Rg07.
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Figure 2.21: Bending moment a05Rg05.
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Figure 2.22: Bending moment aO5Rg07.
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CHAPTER 3
ELASTIC PLASTIC BENDING OF STEPPED ANNULAR
PLATES

3.1 Problem formulation and basic hypothesis

Let us consider the axisymmetric bending of an annular plate subjected to the trans-
verse pressure of intensity P = P(r), where r is the current radius. Assume that the
internal edge of the plate of radius a is clamped whereas the external edge of radius
R is absolutely free.

The plate under consideration has sandwich-type cross section. It consists of two
rims or carrying layers of thickness h whereas the space between the rims is stuffed
with the core material. The latter is not able to resist to normal loads. Let the layer of
the core material be of thickness H = const and the carrying layers be of piece wise
constant thickness, e. g.

h = h; 3.1)
for r € (aj,aj41), where j = 0,1,...,n. It is reasonable to denote ap = a and
an+1 = R. The thicknesses hg, . . ., h, and the step location aq, . .., a,, are assumed

to be given geometrical parameters of the plate.

The behaviour of the plate will be prescribed with the first order bending the-
ory of thin plates corresponding to small deformations and small displacements (see
[34, 28]. The stress state is defined by bending moments M7, M in the radial and cir-
cumferential direction, respectively. Note that the membran forces will be neglected
according to current approach. The third generalized stress component to be taken
into account is the shear force () but this component does not contribute to the strain
energy when the bending theory is used. Moreover, the shear force, although appear-
ing in the equilibrium conditions, can be eliminated from the equilibrium equations
and thus does not involve in the set of governing equations.

It is assumed that the stress strain state induced by the axisymmetric transverse
pressure is axisymmetric at each stage of the pressure. Thus the stress and strain
components are defined at each point of the plate by the current radius and the given
pressure level.

Material of the plate is assumed to be an ideal elastic plastic material obeying the
square yield condition in the plastic (inelastic) stage of deformation.

The aim of the chapter is to determine the transverse deflection as well as bending
moments distributions in the elastic and subsequent inelastic stages of deformation
for given transverse pressure levels.
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3.2 Basic equations and concepts

It is well known that in the case of lower values of the pressure loading the plate is
pure elastic. The elastic behaviour of the material can be prescribed with Hooke’s
law. The latter is to be presented in the generalized form as

M, = Dj(k1 + vk2), My = Dj(k2 + vK1) 3.2)
where j = 0, 1 and in the case of sandwich plate

Eh;H?

Dj=_——2—.
T 2(1 —v?)

(3.3)
In (3.2), (6.17) and henceforth £ and v denote the Young and Poisson modulus,
respectively.

During the subsequent quasistatic increasing the external loading constitutive
equations (3.2) hold good until the elastic limit is exhausted at an unknown point
of the plate. In the case of the pressure of constant intensity the yield limit is reached
at first at the center of the plate. After that the plate is subdivided into elastic and plas-
tic regions, respectively. Let these regions be S, and S, respectively. Since we are
studying the plate of sandwich type and the carrying layers are thin no elastic-plastic
state of deformatons occurs.

Assume that the material of the plate obeys the square yield condition and asso-
ciated flow rule (Fig. 3.1). Thus for » € .S, the stress state of the point is such that
the point (M;(r), Ma(r)) lies on a side of the square (Fig. 3.1). It means that at each
point of the plate are satisfied inequalities

| M| < My, |Ms| < My, (3.4)

where Mj; stands for the yield moment corresponding to the thickness £ ;. It can be
easily stated that ([7])
MOj = O'thH, (35)

oo being the yield stress of the material. In an elastic region for r € S, inequalities
(3.4) are satisfied as strict inequalities.
Evidently, at the boundary of the plate requirements

Mi(R)=0, Q(r)=0 (3.6)

and
W(a) =0 3.7)

must be satisfied at each loading level.
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Figure 3.1: Square.

Let us consider the governing equations separately in elastic and plastic regions,
respectively. In elastic regions the stress strain state is determined according to (1.1)
and (3.2). Substituting (3.2) and (1.13) in (1.1) easily leads to the equation

1d d|1ld [ dW P(r)
i WS Pl (P halad = 3.8
rdr {Tdr [rdr (7‘ dr >]} D; (3:8)
for r € (aj,aj4+1), provided (aj, aj+1) C Se.
In the following it is reasonable to use non-dimensional quantities

T My Mo RQ
p:E’ mlzﬁ*7 m2:M*> q:M*a
a a; PR?
a:R, ajzﬁ, pzﬁ*, w:ﬁ, (3.9)
j EH?h;

_ di —
A 7 2(1 — v2)oo R2h,

where M, = ogh.H is the yield moment of a reference plate of constant thickness
h*.
Making use of variables (3.9) one can present the equilibrium equations (1.1) as

((pm1) —ma) +pp=0 (3.10)
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where prims denote the differentiation with respect to the non-dimensional radius p.

3.3 General solutions in elastic and plastic regions

Let us denote an elastic region (a;, a;11) where the thickness of carrying layers is h;
by Sej-

Making use of (3.8) and (3.9) it is easy to recheck that the general solution of
(3.8) can be presented as

4
w=Ayp’lnp+ Agp® + Agynp+ A+ Lo (3.11)
J
D;H ) .
where p € S¢; and d; = MR Arbritrary constants Ay, ... Ay; will be deter-
*

mined from the boundary requirements and continuity conditions for w, w’, my at
the boundaries between elastic and plastic regions.

Non-dimensional bending moments can be determined according to (3.2) and
(3.9) as

/
my = —d; <w” + Vw') , mo = —d; <w + mu”) (3.12)
p p
for p € Se;. The terms with derivatives w’, w” in (3.12) can be expressed as
A 3
w' = Ay;(2pInp + p) + 2490 + =2 4 PP (3.13)
P 16dj
and n )
" __ ) ] 3j . 3pp
w —A13(2lnp+3)+2A2j—?+@ (314)
for p € Se;.

The third stress component besides bending moments is the shear force. It is
reasonable to calculate it from the equilibrium equations (1.1) or (3.10). From (3.10),
(1.1) one easily obtains the equation

(pq) = —pp (3.15)

which holds good over the entire plate. The solution of this equation which satisfies
the boundary condition ¢(1) = 0 is

1
q=—§<p—> (3.16)
P
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The solution of basic equations in a plastic region .S;, depends on the particular
yield regime. It appears that in the present case the stress strain state in a plastic
region of the plate corresponds to the sides AD or DC of the square yield condition
(Fig. 3.1). Let us consider these yield regimes in a greater detail.

In the case of the yield profile C'D one has m; = —v; for p € S,; C (aj,aj4+1).
However, it can be rechecked (see [7, 30]) that this regime can not take place at a
region of finite length.

If the stress profile lies on the side AB of the yield square (Fig. 3.1) then mg =
—~; and after integration of (3.10) with (3.16) one has

2 E.
m1:—~yj—12’<p3—1> +7ﬂ (3.17)

for p € Sp;.

One of the constutive relations which has to be met in a plastic region is the gra-
dientality or associated flow law (see [7, 37]). According to the associated flow law
the vector of strain rate components must be normal to the yield surface at each point
of a plastic region. In the present case it means that the vector 7= (k1, fo) is paral-
lel to the horizontal axis if the stress strain state corresponds to the side C'D (joonis
2) and it is vertical if the yield regime AD takes place. Moreover, according to the
Drucker’s postulate the strain rate vector is to be directed along the outward normal
to the yield surface at the current point. The strain rate vector can be determined by
differentiating relations (1.13) with respect to time. Instead of time one can use the
load intensity P. In the frameworks of the linear theory of plasticity corresponding
relations can be integrated with respect to time and thus one can use the gradientality
law replacing the strain rates with strain components.

For instance, in the case of the yield regime AD one has x; = 0 and thus

w=Ajp+ B (3.18)

for p € S,;, where A;, B; are arbritrary constants. However, on the side C'D of the
yield condition (Fig. 3.1) ko = 0 and thus w = const. This is one of but not the only
reason why the regime C'D does not take place in a region of finite length.

3.4 The pure elastic stage of deformation

As the intensity of the pressure loading is increased from zero, the entire plate is
elastic until the stress profile reaches a side of the yield condition. However, during
the elastic stage the stress profile lies inside the square ABC'D (Fig. 3.1) where

v = min ;.
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During this stage of laoding the deflection is defined by (3.11), bending moments
and the shear force by (3.12) and (3.16), respectively. For determination of unknown
constants one can use the boundary conditions w’(a) = w(a) = 0, m1(1) = 0 and
the continuity requirements

[w(a)] =0,  [w(a)] =0,  [mla;)] =0 (3.19)

for j = 1, ..., n where the square brackets denote finite jumps, e. g. [2(¢;)] =
z(aj 4+ 0) — z(a; — 0).

It appears that the general solution in the form (3.11) may involve inadequate
solutions for particular cases. In order to avoid this one has to check if the shear
force in the form (3.16) concides with that following from the first equation of the
system (1.1).

Let us denote

pq = (pm1)’ — ma. (3.20)

Evidently, § = ¢. Thus one has to check if the constraints

q(p) = q(p) (3.21)

for p € Sej (j = 1, ..., n) with the boundary condition g(1) = 0 are satisfied.
Making use of (3.11) - (3.14) and (3.16) with (3.20) it is easy to show that equalities
(3.21) take place if
p
A= —— 3.22
1j 8dj ( )
forj =0,...,n.
Thus, for determination of 3n + 3 unknown constants As;, A3, A4; (7 =0, ...,
n) one has three boundary conditions and 3n continuity conditions (3.19).
Making use of (3.12), (3.13), (3.14) and taking (3.22) into account it is easy to
determine the bending moments

2
—pp?(3
my= 2BV Pl 4840
16 8 323
As;d;i(1 — '
—2(1+v)Ag;d;j + S JP(Q V)
and )
—pp?(1
my = _LPATOV) (16+ ) _ 2[2(1 +v)lnp+ 1+ 30—
(3.24)

—2(1 4 v)Ag;d; + A?’jdjp(; —Y)

forp € (aj,aj41),5=0,...,n.
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It is interesting to remark that the distribution of the shear force does not depend
on the distribution of thicknesses, as it can be seen from (3.16). At the same time
other stress components (bending moments) do depend on the thicknesses.

The elastic loading stage completes at the moment when the stress profile reaches
the side C'D of the yield square. In the case of a plate of constant thickness the plastic
yielding happens at first at the internal edge of the plate for p = . At the limit stage
between the fully elastic stage and inelastic stage for p = pg

mi(a) = —o. (3.25)

Note that, in principle, the plastic yielding may start elsewhere, as well. If, for
instance, the inner annulus is very narrow and the thickness hg is large whereas the
next annulus has very small thickness then the yield can start from the next annulus.
However, these cases will not studied in the present paper.

3.5 Elastic plastic stage with the hinge circle

Assume that during this stage of deformation the plastic hinge circle is located at the
internal edge of the plate for p = (3 is elastic as during the previous stage. However,
due to the hinge the boundary condition w’(«) = 0 is no more valid. For determi-
nation of unknown constants As;, As;, A4; one can use relations (??) - (??) with
boundary conditions w(«) = 0, m1(1) = 0 and (2?). Note that (??) remains valid,
as well. The latter admits to present the deflection for p € [, oj41] as

_ pr*(p* —8lnp)

w = + Agip* + Asjlnp + Ay (3.26)
64d,

Making use of (3.26), (??) and satisfying boundary conditions w(a) = 0,
mq(a) = —7p results in

2042
2 _ pa(a®—8Ina
AQ()Oé + Ago Ina = —A40 — %,

—2A90(1 + v)dg + Azp 2l (3.27)

a2

=~ + pa2§36+1/) + p[2(1+v) 18na+3+u}

Finally, employing the continuity conditions (??) with boundary conditions
(3.27) and m;(1) = 0 admits to determine unknown constants Ay;, As;, A4; for
eachj=0,...,n.

This stage of determination will be completed when the stress profile at p = «
reaches the point D (joonis 2) so that my(a) = —~p. Let the corresponding value of
the external load intensity be p;.
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3.6 The elastic plastic stage with a plastic region of finite length

It is reasonabelt to assume that during the subsequent increasing the tansverse pres-
sure plastic deformations take place for p € Sy, p € [a, ] Where 7 is a previously
unknown constant. The plastic region corresponds to the yield regime D A (joonis 2).
Thus, for p € (a,n)

mo = —p. (3.28)

The distribution of the radial bending moment m; can be calculated by (??) tak-
ing 7 = 0. As at p = 3, m1 = —~g the arbitrary constant F is to be

2
ap [«
EFo=—|(—-1]). 3.29
0= < 3 ) (3.29)
Thus the bending monet is defined as
2 2
p(p ap («a
=—y—z(=—-1 — | =-1 3.30
my -5 < 3 > + 5 ( 3 > (3.30)
for p € [a, 7).
The tranverse deflection has the form (??) in the plastic region Syo. According to
the boundary condition w(a)) = 0 must be By = —Aga. Thus
w= Ao(p— ) (3.31)
for p € [a, 7).

Since we can now define w(n), w’(n), m1(n) the subsequent solution procedure
is similar to that accomplished in the previous section. Note that for p > 7 the plate
is elastic. For determination of the parameter 1 one has to use the continuity of the
moment mg taking ma(n) = —7p.

3.7 Several plastic regions

The previous stage of loading terminates at the moment when plastic yielding takes
place in the section Sy,; or in another section. Let us assume for the conceteness sake
that the stress profile reaches to the corresponding yield level at p = «; when p = ps.
Thus for p > po the plastic deformations take place in the region («aq,71) as well as
in (o, ) which continues the extension. It means that me = —vq for p € (aq,m1).

The bending moment distribution for p € Sy can be defined according to (??)
with the unknown constant E;. Similarily the deflection w is given by (??) with
unknown constants A1, Bj.

The procedure of the determination of constants of integration is similar to that
accomplished in the previous case. Now we have to take into account that the region
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(n, 1) between plastic regions remain elastic. Here we have unknown constants
Ao1, As1, Ag1. The number of unknowns in each region is, thus, three. For deter-
mination of these constants the continuity requirements for m1, w, w’ are applicable.
Finally, the parameters 7, 7, are to be determined from equations ma(n) = —vy and
ma(n1) = —v1 where my is calculated for an elastic region according to (2?) with
previously defined constants Ay;, A3;.

3.8 Numerical results

Results of calculations in the case of plates with a single step are presented in Fig. 3.
The results regard to the plate with inner radius a = 0.2R.

The stress profiles on the plane of moments m, mgy are shown in Fig. 3 for
different values on the load intensity. It can be seen from Fig. 3 that the profiles
corresponding to smaller values of the load p lie wholly inside the square |m;| < 1,
|ma| < 1. When the load intensity increases until p = p; the end of the profile

reaches the side m; = —1 and for p = p, the corner point where m; = mo = —1.
During subsequent growth of the load intensity the end of the stress profile lies on the
side mo = —1 as it was expected theoretically.

Distributions of bending moments m; and mg are presented in Fig. 4 and Fig.
5, respectively. it can be seen that when the load increases the stress state tends to
the pure plastic state. In the case of a plate of constant thickness in the pure plastic
state mo = —1. In the case of a stepped plate it can be such that my = —~; for
pE (ozj, aj+1), j =0, ..., n.. However, the question which is the stress state at the
plastic collapse can be answered by the limit analysis of the plate of particular shape.

3.9 Concluding remarks

A method for theoretical investigation of axisymmetric plates subjected to the dis-
tributed transverse pressure was developed. The material of plates was assumed to be
an ideal elastic plastic material obeying the square yield condition and the associated
flow law in the range of inelastic deformations. In order to get maximal simplicity of
the posed problem hardening of the material as well as geometrical non-linearity of
the plate behaviour were neglected.

It was assumed that the plates under consideration had piece wise constant thick-
ness with arbitrary number of steps. Exact solutions were developed for the case
when the plate is clamped at the inner edge whereas the outer edge is absolutely
free. As a result of the solution procedure a succession of stress states which are
in equilibrium with the external loading were constructed that led from the wholly
elastic to the elastic plastic state and finally to the plastic collapse state. Since a plate
of variable thickness can be approximated with an appropriate choise of the piece
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wise constant thickness the present solution technique is applicable for approximate
solution of similar problems in the cases of plates of variable thickness.
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CHAPTER 4
OPTIMIZATION OF ELASTIC AND PLASTIC CIRCULAR
PLATES
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CHAPTER 5
OPTIMIZATION OF ELASTIC CIRCULAR PLATES WITH
ADDITIONAL SUPPORTS

5.1 Formulation of the problem

The plate under consideration is simply supported at the edge and it is resting on an
absolutely rigid ring support of unknown radius 7 = s. From practical considerations
it is evident that the desirable position of the additional support is such that the max-
imal deflection of the plate is as small as possible. Thus the optimal location of the
internal support should minimize the functional

J1 = max W(r, P, s) (5.1)
rel0,R)

for given loading P = P(r) and thickness h = h(r). However, the cost function pre-
sented in the form (5.1) has several drawbacks. First of all, it is a non-differentiable
and non-additive functional. The use of non-differentiable functionals in the solution
of problems of optimization is quite complicated. On the other hand, the functional
(5.1) ignores the expenditures necessary for manufacturing of the additional support.

It can be shown that an approximation of the functional (5.1) can be presented as

(3, 15]
R 3
Jy = ( / W’frdr> (5.2)
0

where £ is an integer. If & — oo then Jo — ||W]].
Due to the circumstancies mentioned above in the present paper the cost function

R
J = / Whrdr + po2ms (5.3)
0

will be employed. In (5.3) po stands for the specific cost (cost per unique length)
of the additional support. We assume herein that the material cost of the additional
support is proportional to its length.

The aim of the chapter is to determine the design of the plate with an additional
support (see Fig. 5.1) which minimizes the cost function (5.3) so that at each value
of P governing equations of the theory of thin axisymmetric plates with appropriate
boundary conditions are satisfied.
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Figure 5.1: Circular plate with additional support.

5.2 Boundary conditions

Taking a look at the equilibrium and constitutive equations (1.1) — (1.7) it appears
that one can eliminate from the set of basic equations variables o1, €1, 03, €2, K1,
ko and also Ms. Introducing another new variable Z one can present the system of
governing equations as

aw
> 7
dr ’
iz _ My vz
dr D r (5.4)
dM1 D(V2 — 1)Z Ml(l — I/)
= 2 - + Qa
dr T T
aQ  Q
dr 7 (r),
where the flexural stiffness
D= Eihg (5.5)
C12(1 - v?)’ '

Variables W, Z, M7, QQ will be treated as state variables which satisfy the state
equations (5.4) with appropriate boundary and intermediate conditions. At the outer
edge of the plate , e. g. at r = R bending moment M; and the deflection W must
vanish. Thus

Mi(R) =0, W(R) = 0. (5.6)
Due to the symmetry at the center of the plate

aw

W(O) =0, Q(0) = 0. (5.7)

At r = s where the rigid ring support is located must be
W(s) = 0. (5.8)

Note that state variables W, Z, M are continuous whereas () can be discontinu-
ousatr = s.

51



5.3 Necessary optimality conditions

In order to establish the requirements to be satisfied by the optimal solution let us
introduce the augmented functional (see Bryson [6], Hull [9]; Lellep, Polikarpus

[171) n
Je = pus +/ F.dr +/ F.dr 5.9
0 s

where according to (5.3), (5.4)

dw iz M, vZ
Fo=WF 4 <—Z>+w2<+1+yr)+

dr dr D
2 _ —
s (dM1 D : Nz Mi(1-v) —Q> n (5.10)
dr r r
dQ | Q
by (dr + -+ P(T))

and p = 2mpg, the quantities ¢; — ¢4 being adjoint variables.

Evidently the problem posed above belongs to the class of optimal control prob-
lems with moving boundaries. Therefore, one has to employ total variations when
deriving necessary conditions of minimum of the functional (5.9). The total variation
of a state variable y at r = s 4 0 or at 7 = s — 0 must be calculated by the following
sample
dy(s £0)

dr
where Ay is the total variation and dy stands for the ordinary variation of the variable
y. If the state variable is continuous at = s then, ofcourse, Ay(s — 0) = Ay(s +
0) = Ay(s). However, in the case of discontinuous variables one has to distinguish
the quantities Ay(s — 0) and Ay(s + 0). Note that even in the case of continuous
variables the quantities dy(s — 0) and dy(s + 0) must not be equal to each other.

The total variation of a Lagrange’ functional is calculated by the rule (see Bryson

(6D,

Ay(s+0) =0y(s £ 0) + - As (5.11)

A/ Fdrzé/ Fdr + F|y - As (5.12)
0 0

where As stands for an arbitrary increment of s. According to (5.12) one can write

s R
AJ, :,u,As—i—(S/ F*dr—i—é/ Fidr + Fy|s—As — Fy|s1 As. (5.13)
0 s
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Taking (5.10) into account one can easily determine the following weak variation

¢2

5 [ Fodr = f;{kwk—lraw Wsw V102 — 207+

LY ¢2 %5M1— D(v? = 1)y
dr

oMy + =2 67+

P3(1

(5.14)
+r"’)5M1 — 1h30Q — 1”4 —0Q+ Macz} dr+

+ (V10W + 020 Z + 36 My + 140Q) ’ .

where a and b are arbitrary boundaries of integration.
Substituting the both integrals in (5.13) by (5.14) with appropriate choise of
boundaries a and b leads to the relation

AJ, = pAs+ [ {kwk—lraw %WV V167 — %5@

¢25M1 V¢2 _Wssar (V —1)ys
dr r2

+¢3<1T‘”)5M1 0@

07+

5.15
d¢45Q+¢45Q}dr+ (5.15)

+ (Y16W + 1028 Z 4 b3 My + 146Q) |5+
+ (110W + 1ho0Z + 1p36 My + 1040Q) £

where the matter that F(s) = 0 has taken into account.
Making use of (5.15) one easily obtains from the equation A.J, = 0 the system
of adjoint equations

iy

= rkWk=1,

dr
d D(? -1
%:_wl_i_V"fQ_ (v - )"tba,

(5.16)

%_@+¢3(1_V)

dr D r ’

,

Note that although the adjoint set (5.16) holds good for each r € [0, r] it must be
integrated separately in regions (0, s) and (s, R), respectively. The reason is that
some of adjoint variables can be discontinuous at r = s.
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Boundary conditions (5.6), (5.7) admit to present the transversality conditions as

P1(0) =0,  ¥3(0)=0 (5.17)
and
Yo(R) =0,  9u(R)=0. (5.18)
Substituting (5.16) — (5.18) in (5.15) admits to rewrite the equation AJ, = 0 as
1As — (p16W + 9287 + h36 My + 1045Q) |55 = 0. (5.19)

From the physical considerations it is evident that W, Z and M; are continuous
at 7 = s. Thus following (5.11) one can write

aw

SW (s % 0) = AW(s) =~ (s) - As,
§Z(s+0) = AZ(s) — %(s) - As,
VTR CE IV
5Q(s £0) = AQ(s £ 0) — dQ(‘;TiO) - As.

Substituting the weak variations of state variables from (5.20) to (5.19) and taking
into account that AW (s) = 0 and AZ(s), AM;(s), AQ(s=%0) are independent leads
to the requirements

25 = 0) —th2(s +0) =0,

P3(s —0) —3(s+0) =0

(5.21)

and
Ya(s = 0) = a(s +0) = 0. (5.22)

It was assumed above that Z and M are continuous everywhere; thus in particu-
lar at r = s. Bearing in mind the continuity of M it infers from (1.13) and (1.7) that

K1 = ~ is also continuous at r = s.

r
Substituting (5.20) — (5.22) in (5.19) and taking into account the continuity of Z,
K1, ko and 9, 13, also the arbitrariness of the increment As one can present (5.19)

as
dMl(S)

o+ [wl(S)]d‘Zf) + 3(s) [dr] = 0. (5.23)

In (5.23) the quadratic brackets denote the finite jumps of corresponding variables at
r=s,e.g.
[y(s)] = y(s +0) —y(s — 0)
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where y(s £ 0) stands for right and left hand limits of the discontinuous variable y(r)
atr = s.

5.4 Solution of governing equations

Consider the solution of state equations (5.4) in greater detail in the case when the
plate thickness h is constant. In this case it follows from (6.16) that D = const, as
well.

Integrating the last equation in the system (5.4) one obtains

1
Q=-1 ( / P(r)dr + ci) (5.24)

where C and C_ stand for constants of integration in the regions [0, s] and [s, R],
respectively. According to formula (1.15) the general solution can be presented as

P 4
W = 764; + Ale2 Inr + AQjT'2 + Agj Inr + A4j (5.25)
forr € [rj, rj+1] and j = 0, 1. Here the following notation is used: 79 = 0, 7] = s
and ro = R. Evidently,

Pr3 Asj
7 =—+ Ayr(21 1) 4249 + —2 2
ot 1r(2Inr + 1) 4+ 2A495r + . (5.26)
and P2
M, = _T&M — AyDB+v+2(1+v)Inr]—
D(v—-1
—2DA2]‘(]. -+ l/) — #ASJH
5.27)
Pr3(1 (
My = _T(16+3U) — A jD1+3v+2(1+v)Inr|—
D(v—1
—QDAQj(l + I/) — (I/T2)A3j'

The integration constants A1; — A4; will be determined from the boundary and conti-
nuity conditions. Let us consider first the solution in the internal region for r € [0, s].
Here j = 01in (5.25) — (5.27). Since at the center of the plate the quantities W (0),
M;(0), M>(0) must be finite whereas according to (5.7) Z(0) = 0 one has

A =0, Aszg = 0. (5.28)
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Boundary conditions (5.6) with (5.8) and the continuity requirements for Z and M;

result in

4
Agos® + Ay + é%SD =0,
A11s?Ins + A9 + Az Ins + A + LS4 =0,
64D
_25A20 + Ans(l + 21118) + 2A21$ - % = ()7
—2A50 4+ A11(3+2Ins) + 249 — % =0, (5.29)

4

P
AnR’InR+ Ao R* 4+ As1ln R+ Ay + 64% =0,

A2l +v)InR+3+v]+2(1 4+ v)Ay—

CAn(l-v) PR%*(3 +v)

=0.
R? 16D

The system (5.29) can be easily solved with respect to unknowns Asg, A49, A11, A21,
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As1, Aqq and presented as
Agg = % . [RS[2(v 4 5)(Ins — In R) + 3v + 13]+
+s2R44(v + 3)(Ins — In R) — 3v — 13]+

+s*R*2(v +1)(Ins —InR) + v — 1] + s%(1 —v)] ,

Ay = - [R*2(v +5)(Ins — In R) + 3v + 13]+

+45°R*[(v + 3)(Ins — In R) — v — 4]+

+5' =2+ 1)(Ins —InR) + v + 3] ,

2pR? 4 2 p2 4 5.30
Ay = [(v+5)R* = 2(v + 3)s2R? + (v + 1)s*] (5-30)
— —Prpe
A9 = [R°[2(v +5)In R — v — 3]+

+8?RY4(v +3)(In R —2Ins) — v + 1]+

+s*R*2(v+1)InR+v + 3] + s°(v — 1)],

As = s Ay,
_ 2R2
Ap = p;{ [RY[2(v +5)(2Ins — In R) + v + 3]—

—4s’R* (v +3)In R+ 1]+ +s*2(v+ 1) In R —v + 1]]

where K = 64D [(v — 1)s* — (v + 3)R* + 4s?R*[(v + 1)(In R — In s) + 1]].

5.5 Solution of the adjoint system

The adjoint system (5.16) can be integrated after the substitution of (5.25) in (5.16).
For the sake of simplicity let us consider the case when k = 1 in greater detail.
It is easy to recheck that the general solution of (5.16) corresponding to the case
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k = 1 can be presented as

2

”
=5+ Gy,

_ ‘ C3j (3 + V)’I”3 Clj(l + I/)?“hl?“
Vo= Cyr+ =7 16 2 :
1/]3 _ CQjT’2 i ng _ ’1“4 B

Dv+1) Dw-1) 16D (531)
B Cljr2 Cljrz[(l —v)lnr+1] )
D(v?2-1) 2D(v — 1) ’
3 7]

Py = Cajr - Cyrinr + Cyjr+

" 2D(v+1) D —1)
7o n Cyjrlnr  Cyj(3 —2v — V)13

Yeap T aD 8D(2 — 1)

for r € [rj,7j41] where j = 0, 1.

For determination of 8 unknown constants C1;, Ca;, C3;, Csj where j = 0, 1 one
has 8 boundary and intermediate conditions presented by (5.17), (5.18), (5.21) and
(5.22).

It immediately follows from boundary conditions (5.17) that

Cio=0, Cs=0. (5.32)

The boundary and intermediate conditions (5.18), (5.21), (5.22) lead to the linear
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algebraic system

Cs1 Cn(l - I/)RlnR _ (3 - I/)R3

=L =0
Cnlt+ 2 16 ’
(1 —
—CQlRé”l) — Cy1(v+ )RR + Cyy (v® — 1)RD+
RPW?*—-1) Cnu(?-1)R*ImR C;1(3—-2v—1?)R3
=0
+ 64 + 4 + 8 ’
3
—1
—0215(21/) — C31(V + 1)81118 + C41(I/2 — 1)SD+
5?2 —1) Cpu(?—-1)s3lns  C11(3 —2v —1?)s? (5.33)
e T 4 + 8 =0
02083(11 — 1) 2 85(1/2 — 1) .
— + Cyos(v? = 1)D + ol =0,
C Ch1(1+ 1
(Co1 — Ca0)s + % _ ul 2V)S e 0,

(021 — Cgo)(l/ — 1)82 + C31 (l/ + 1) — C1182—|—

+01182(I/+ 1)[(21 —v)lns+1]

From (5.33) one can easily determine the unknown constants Csg, Cyg, C11, Cor,
C31, C41 and presented as

C Cii(1+v)l
0202021—1—8321_11(’/)115

2 )
Clio — 02082 _ 84
YT 9D 1) 64D’
R = S)RRB +v) — (v + (R + 5)
Cn = ST ,
Cps*(v—1) (B+v)R? Cpu(l+v)lnR
= 5.34
Co1 2 + T + 5 ; (5.34)
—Cps2(v—1
C31 - L 4( )7
Cy1 82 C311lns s*+16C;1s%1n s
Cun = + - -
°D(v+1) ' D —1) 64D
_011(—1/2 —2u + 3)s?
8D(v?2 —1) ’
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Figure 5.3: Deflection.

where
L=5s%(v—-1)(s>-R)+2R*(v+1)(s* = RH)In R - 2R?s*(v + 1)(Ins — In R)+

+2R?(v + 1)(R?In R — s%Ins) — R*(v + 3)(R? — s?).

5.6 Discussion of results

Results of calculations are presented in Fig. 5.2 — 5.8. The calculations are imple-
mented for £k = 1 and p = 0 in (5.23).

In Fig. 5.2 — 5.4 the distributions of deflections of the plate are presented for
various values of the transverse load intensity. Fig. 5.2 and Fig. 5.4 correspond to the
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positions of the support at s = 0.2R and s = 0.7 R whereas Fig. 5.3 is associated with
the optimal location of the intermediate support. The optimal solution corresponds
to s = 0.526R. It can be seen from Fig. 5.2 that in the case of smaller values of the
radius of the intermediate support deflections at the central part of the plate for r <
0.2R are directed upward despite the pressure is directed downward. Similarily in the
case when s = 0.7R one can see negative deflections in the outward region for r >
0.7R (Fig. 5.4). However, in the case of optimal position of the additional support the
deflections are non-negative everywhere (Fig. 5.3). It is somewhat surprising that the
maximal deflections in the central and outward regions of the plate, respectively, are
quite different in the optimal case. However, one has to take into account that the cost
function (5.3) with g = 0, k£ = 1 corresponds to the volume of the axisymmetric
body.

In Fig. 5.5-5.7 are presented bending moments M for the cases when s = 0.2R,
s = 0.7R and for the optimal case. It can be seen from Fig. 5.5 — 5.7 that the slope
of the radial bending moment has finite jumps at the support position, as might be
expected. It is some what surprising that the radial bending moment vanishes at
an internal point for any values of the transverse pressure loading. It reveals from
Fig. 5.5 that in the case of smaller values of the radius of the internal support the
radial bending moment remains negative in the central part of the plate. It is negative
in the vicinity of the support in the optimal case, as well.

Distributions of the circumferential bending moment M» are presented in Fig. 5.8
for different values of the pressure loading. Here s = 0.2R. It reveals from Fig. 5.8
that the bending moment M5 is unexpectedly continuous at r = s.
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CHAPTER 6
ANISOTROPIC PLATE

6.1 Formulation of the problem

Let us consider a circular plate of radius R made of a undirectionally reinforced com-
posite material. It is assumed that the fibers are embedded in the matrix material more
or less uniformly with enough high density so that the material can be modelled as a
quasi homogeneous anisotropic material. In the present paper two cases of undirec-
tional reinforcement will be considered. These are the radial and the circumferential
reinforcements, respectively.

The plate under cosideration is simply supported at the edge and it is subjected to
the axisymmetric tranverse pressure loading of intensity P(r) where r stands for the
current radius. Under these assumptions it is reasonable to presume that the stress
strain state of the plate remains axisymmetric during the deformation.

The thickness h of the plate is assumed to be piecewise constant, e.g. h = h;
for r € (aj,a;41) where j = 0,...,n. Note that in the case of a sandwich plate the
quantity 5 is interpreted as the thickness of carrying layers.

The parameters h;, a; are treated as preliminarily unknown parameters to be
determined so that maximal deflection Wy = W (0) attains the minimal value under
given weight or material volume of the plate. The latter can be presented as

n
V=nr> hi(a}, —aj) (6.1)
§=0
It is stipulated in (6.1) that ap = 0, a1 = R.

6.2 Equations of equilibrium and strain components

In the present paper the governing equations of the classical bending theory of thin
plates will be used. It can be shown that an element of the plate is in equilibrium
if the following equations are satisfied (see Reddy [? ], Kaliszky [? ], Ventsel and
Krauthammer [? ])

i(TMﬁ —M;—rQ=0,

dr (6.2)

d
%(TQ) + P(r)-r=0.

Here M; and M5 stand for the bending moments in the radial and circumferential
direction, respectively, and (Q is the shear force. The stress strain state of the plate is
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assumed to be axisymmetric, e.g. the state is identical for each ©, © being the polar
angle and r current radius. The membrane forces meet the equation

d
%(er) — Ny =0 (6.3)

where the subscripts indicate the same directions as in the previous formula.
The generalized stresses are coupled with the principal stresses as

h

Nig= /2 o1,2dz
_h
é (6.4)
MLQ:/ 0122dz

where o1, o9 stand for the normal stresses in the radial and circumferential direction,
respectively. Here h and z are the thickness and the coordinate in the transversal
direction, respectively.

The principle of virtual work states that

6E; = A.. (6.5)

Here § E; stands for the variation of the internal energy induced by virtual displace-
ments. In the case of axisymmetric plates (see Jones [? ], Ventsel and Krauthammer

2D n
(SEZ‘ = / (M1(5%1 + M2(5%2)7“d7° (6.6)

whereas (here P(r) is the tranverse pressure and 1V the deflection)
R
A, = / P(r)dWrdr (6.7)

where 271 and 2r5 stand for the principal curvatures. It is well known that in the case
of circular and annular plates (see Jones [? ], Reddy [? ], Vinson [? ])

2W
AT T
dr (6.8)
o — LW
2T T dr

Note that the principle of virtual work in the form (6.5)-(6.8) holds good in the
case of axisymmetric deformations under the condition that shear deformations as
well as the in-plane displacements can be disregarded. The in-plane displacements
are taken into account in the non-linear plate theories.
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6.3 Constitutive equations

It is known that in a unidirectional fiber-reinforced layer of material two perpendic-
ular planes of symmetry exist at each point. The intersections of these planes with
the middle plane of the lamina define two directions denoted by subscripts 1 and 2,
respectively. These directions called principal axis of orthotropy correspond to the
direction of fibers and a direction transverse to the fibers.

In an orthotropic layer the assumptions of the plane stress hold good and thus the
Hooke’s law reads (see Daniel and Ishai [? ], Jones [? ])

01 €1
g9 = [Q] . €9 (69)
T12 Y12

where o1, 09, T13 are the stress components and €1, €2, 12 corresponding strain
components. The matrix [()] is defined as

Qi Q2 0
Q=] Q2 Q 0 |. (6.10)
0 0 Qoo

The elements (Q;; in (6.10) are so-called reduced stiffnesses related to the material
constants. Let us denote by F;, F2 Young’s moduli in two principal directions and
by v19, V91 corresponding Poisson’s ratios.

For any combination of fibers and the matrix

V12 V21

— === 6.11
B, B (6.11)
and the reduced stiffnesses are
F E
Q1 = 717 Q22 = —
1 — vov01 1 — 112101
o B (6.12)
Q12 = 12#, Qe6 = G12.
— V12l21

It can be seen from (6.11), (6.12) that in the constitutive relations (6.9), (6.10) can be
presented via four independent material constants.

In the following the main attention will be focused at the determination of bend-
ing moments assuming that the contribution of membrane forces and in-plane dis-
placements to the stress strain state is relatively small in the range of small displace-
ments. Thus, assuming that the fibers are embedded in the matrix material in the
radial or circumferential direction only and that

&1 = 2,

(6.13)
€9 = 29
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it follows from (6.9)
o1 = 2(Q1150 + Q12%),

(6.14)
02 = 2(Q12501 + Qa22).
Substituting (6.14) in (6.4) and taking (6.11), (6.12) into account one obtains
M1 = DEl(%l + 1/21%2),
(6.15)
My = DEs(via5e1 + 502)
where
h3
D (6.16)

o 12(1 — V12V21) '

For regions of constant thickness where h = h; = const it is reasonable to
denote
h3
Dj=——71
;= .
12(1 — 1/121/21)

Equations (6.15) with (6.16) present the constitutive equations for anisotropic (in
the present case for orthotropic) layers and plates. Substituting the curvatures 51, s
by the help of (6.8) in (6.15) one obtains

(6.17)

2
M, = —E\D; aW | vn dW ,
dr? r o dr
viod®W  1dW ©6.18)
My=—E,D; [ 2 4 -2~
2 2 j( dr? + r dr)
forr € (aj,aj41), where j = 0,...,n.

6.4 Solution of governing equations

Let us consider the case when the intensity of the transverse loading P(r) = P =
const in a greater detail. In this case the second equation in the system (6.2) can
be easily integrated. In fact, the differentiation of the first equation in (6.2) and the
substitution of the shear force results in

d | d
- [dr (rMy) — MQ] = —Pr. (6.19)
The integration of (6.19) gives
d Pr?
%(lel) — IWQ = _T — B()j (620)
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forr € (aj,aj41),7 =0,...,n. Here By; stands for an arbitrary constant.
Substituting the bending moments from (6.18) in (6.20) and accounting for the
relation (6.11) results in
rd>W n d>wW Ey 1dW Pr? By,
dr? dr?  Ey rdr 2ED; EiD;

(6.21)

for r € (aj,a;j11). The shear force (Q must be continuous at each » € [a, R]. Thus
Q(aj —0) = Q(a; + 0). Therefore, one can write

By; = By (6.22)
for each j = 0, ..., n. Indeed, it immediately follows from (6.2), (6.20) that
1 Pr?
=—|—-—— By, 6.23
o =1 (-5 - B) 623)
forr € (aj,aj41), j =0,...n. Thus at r = a; = 0 one has
_Paj _B()j_l :_Paj _@. (6.24)
2 a; 2 a;
From (6.24) one can see that By;_1 = Bg; for each j = 1,...,n and therefore,

(6.22) holds good.
Let us concentrate on the integration of the equation (6.21). It is reasonable to
denote
Ey = K°E;. (6.25)

Multiplying the both sides of (6.21) to r and integrating results in the second order
diffrential equation (here Co; is an arbitrary constant)

r2d*W  rdWw 9
g TR =
Pt By 2 (6.26)
+ + Coi (1 — K?)

" 8E\D; ' 2E\D,

for r € (a;,aj4+1). This is a linear non-homogeneous equation. The general solution
of (6.26) consists of the sum of the general solution of corresponding homogeneous
equation

Wi = Cyjr' % 4 Cyyr' =+ (6.27)
and of a particular solution of (6.26). The latter can be presented as
prt
Wp= gt
8(9 — k?)E1 D,
( ) VD, (6.28)
2(1—k2)E\D;
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In (6.27), (6.28) Cy;, C1; and Cy; are arbitrary constants of integration.
Finally, the general solution of (6.26) for (r € aj,aj+1), 5 = 0,...,n can be

presented as
W = Cy; + CleIJrk + ngrlfk-i-

prt Bor? 6.29)
TR0 _®ED, 20 _*)ED;
From (6.29) one easily obtains

dw
W = Clj(l + ki)’r‘k + Czj(l — k)r_k-l-

P’I”3 i B(]’l“
O—k)ED;  (1-k)ED;’
e

dr?
+C;(1 — k)(—k)r—F 14

3

= Cljk‘(l + k‘)’l“k_l—l— (6.30)

3Pr? By
+ + )
29— k2)E1D; (1 —k2)E\D;

Substitution of (6.30) in (6.18) results in

My = —E1D; |Cj(1 + k) (k + vy )r* '+

+02j(1 — k})(Vgl — ki)T_k_1+

Pr2(3 + va) By(1 4 va1)
26:D;(9—k?)  E1D;(1—k?)]
My = *EQDJ‘ [Clj(l + k?)(kVH + 1)'

(6.31)

'Tk_l + ng(l — k)(l — /€V12)?”_k_1—|-

P7’2(1+3I/12) Bo(1+V12)
2E1Dj(9 — k2) Ele(l — k2)

which hold good for r € (a;,aj41),7 =0,...,n.
The governing equations (6.2) are accompanied with boundary conditions

Mi(R)=0, W(R)=0 (6.32)

and
dW (0)

=0 6.33
o (6.33)
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in the case of a simply supported plate. If membrane forces are taken into account
extra requirements for in-plane quantities are needed.

6.5 Bending of a one-stepped plate

Let us focuse our attention to the plate of piecewise constant thickness

ho;r € (0,a
h:{ 0 (0,a)

(6.34)
hi;r € (a, R).

For determination of the stress strain state of the plate one can use the relations (6.29)
—(6.33) for n = 1 and corresponding continuity requirements for the deflection W
and the bending moment M.

From physical considerations it is evident that the quantities W, %, M and Mo
must be finite at the center of the plate (for » = 0). This is possible only in the case
where (here k > 0)

Cio=0,  Co=0. (6.35)

Bearing (6.35) in mind one can simplify the notation equalizing
Coo = Wo, Co1 = C, C11 = Ch, Cp1 = Ch. (6.36)
The continuity of the radial bending moment at » = a leads to the relation

Cl(l =+ k)(k =+ Vgl)akfl—l—

6.37
+Cg(1 — k)(V21 — k:)a_k_l =0. ( )

It is easy to deduce from (6.37)

G+ k) (k4 va1)a®*
B (R [T S (©39

Employing the continuity condition for % to (6.30), (6.33) one has

C1(1+ k)a® + Co(1 — k)a™"+

Pa3 Boa
0 ED (1= ED (6.39)
. Pa3 B(]a
~2(9—k2)E1 Dy + (1—k2)E Dy’
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From (6.39) one can easily determine

By = (1 — K*E,D;-

2k(1 + k)Doak‘lCl
.{(k—ﬁolﬂlh-—lh)_ (640)
Pa?
2E1D1(9 — kQ)] '
The first requirement in (6.32) with (6.31), (6.38) and (6.40) admits to define
_ (k—w)(y-1HPR*
2(9 — k2)(1 + k)E1 Dy RF-1
'042(1 +v91) — 3 — o1
N )
(k + v91)PR20* (v — 1)
2(9 — k2)E\ Dy R+
‘042(1 +v91) —3— vy
N

where for the conciseness sake the notation
N = (K —v3)(1—a®)(y - 1)+
+2k‘(1 + 1/21)0/671

C

(6.41)

Cy =

(6.42)

and
(6.43)

is introduced.
According to the second boundary condition in (6.32) and (6.29) one has

C + CyR* + CyRYF 4

PR BoR? (6.44)
RO )ED, T 20— k)ED; "
The last equation with (6.38), (6.40), (6.43) admits to define
_ PRY2a%-1)
8(9 — k2)E1 Dy

[+ R)(E+ o) (6.45)

(1 — k‘)(ljgl — k‘)
B E(1+ k) 3
(k—r21)(y = 1) '

C + Ry
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Employing the continuity of the deflection W at r = a one obtains

Pa*
W - -
Ot RO EDy

B0a2 . PCL4 +
2(1 —k2)EyDy  8(9 — k2)E1 Dy
B0a2
_|_—
2(1 — k2)Ey Dy

+ (6.46)

+ C’1a1+k + Czal_k.

Thus the maximal deflection can be calculated as

Pa* n Bya?
8(9 —k2)  2(1—k?)

+ Clak-i-l + O2a1—k

Wo =

(6.47)
l—v
E\D,

where the constants By, C; and C'5 are defined by (6.40), (6.41), (6.43).
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Figure 6.1: Deflections of the plate.

6.6 Optimal design of a stepped plate

The problem posed above consists in the minimization of the maximal deflection
Wy = W(0) under the condition that the material volume of the plate is constrained.

Evidently, the deflection W (0) is a function of design parameters; W, =
Wo(ai,...,an, ho,...,hy,). The constrained minimum of W} can be defined em-
ploying the extended function

I = Wolat, ... an, ho ... ha) + AV = V) (6.48)

where A is an unknown Lagrangeian multiplier.
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The necessary optimality conditions of (6.48) can be written as

I,
gai:(); 1=1,...,n
oI
ah] 07 J 07 , T ( )
oI,
ox 0

The system (6.49) consists of 2n + 2 algebraic equations. These admit to determine
2n+ 2 unknown parameters a; (i = 1,...,n), h; ( = 0,...,n) and X for each given
volume of the plate V.

pP=30 ——

UEreee p=40 —
'\\\ p=50 —

12 p=60 ——
p=70 —e—

10 p=80 ——

M

"
—

L L L L L L I H 5
0 01 02 03 04 05 06 07 08 09 1
r

Figure 6.2: Radial bending moments.

6.7 Numerical results and discussion

The non-linear system of equations (6.49) is solved numerically. Calculations are
carried out with the aid of computer codes Python and Mathematica.

The results of calculations are presented in the Table 1 and Fig. 1-3 for the case
n = 1. The results are obtained for the plate made of a Boron-Aluminium composite
consisting of Aluminium matrix and Boron fibers. For this material £; = 204 GPa,
Ey =118 GPa and vy = 0.27.

The displacements in the transverse direction are presented for different values
of the intensity of the transverse pressure in Fig. 1. The radial and circumferential
bending moments are depicted in Fig. 2 and Fig. 3, respectively, for different load
levels for the stepped plate with the step at a = 0.2R.

It can be seen from Fig. 3 that the circumferential bending moment is discontinu-
ous at r = a, as might be expected. Calculations carried out showed that the jump of
M> at r = a depends on the ratio of thicknesses in the adjacent sections of the plate.
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Table 6.1: Optimal values of parameters.

4 w, « ot W, e
0.45 0.0056 0.5701 0.1852 0.0262 0.2122
0.50 0.0044 0.5475 0.2860 0.0191 0.2306
0.55 0.0039 0.5466 0.3583 0.0143 0.2685
0.60 0.0035 0.5539 0.4230 0.0111 0.3146
0.65 0.0032 0.5670 0.4842 0.0087 0.3678
0.70 0.0030 0.5852 0.5437 0.0070 0.4278
0.75 0.0028 0.6088 0.6028 0.0057 0.4952
0.80 0.0027 0.6384 0.6624 0.0047 0.5709
0.85 0.0026 0.6755 0.7241 0.0039 0.6561
0.90 0.0025 0.7232 0.7904 0.0033 0.7530
0.95 0.0024 0.7887 0.8677 0.0028 0.8651
0.99 0.0024 0.8659 0.9600 0.0025 0.9705

The radial bending moment M; has slope discontinuity at the step position
(Fig. 2) which is less remarkable in the cases of lower load intensities.
The efficiency of the design established above is assessed by the ratio

(6.50)

W, being the deflection of the plate of constant thickness h, = Vjhgo. The values of
the coefficient e are accommodated in Table 1 together with optimal values « and .
In the first column of Table 1 the values of the plate volume V; = % are presented.
It reveals form Table 1 that for smaller values of 1}y the deflection of the reference
plate of constant thickness W, is larger, as might be expected. If Vj, increases then
the optimal ratio of thicknesses v = Z—é also increases and the step location a =
a R moves towards the edge of the plate. However, the maximal deflection of the
optimized plate decreases if the quantity Vj increases.

Calculations carried out showed that the optimal values of a and -y are insensitive
with respect to the changes of the load intensity. However, the optimal value of W
as well as the quantities IV, and e do depend on the value of the load intensity P.

6.8 Conclusions

A method for analysis and optimization of fiber reinforced composite plate was de-
veloped. Considering the cases of unidirectional orientations of fibers the composite
was modelled as a quasi homogeneous anisotropic material having different proper-

74



0 | i . . | . . L 5
0 01 02 03 04 05 06 07 08 09 1
T

Figure 6.3: Circumferential bending moments.

ties in different directions. In the paper the attention was focused on the cases of
radial and circumferential orientation of fibers in the matrix material.

Invoking the methods of non-linear mathematical programming the optimal de-
sign parameters of plates with piecewise constant thickness are determined. The
optimization problems are solved with the aid unknown Lagrangeian multipliers. Nu-
merical results are obtained with the aid of existing computer codes. It was shown
that the optimal values of design parameters depend on the physical and geometrical
parameters but these are insensitive with respect to the loading level.
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SUMMARY IN ESTONIAN
Galaktikate evolutsiooni moistmine nende heledusfunktsiooni abil

Galaktikad, mis koosnevad kuni sadadest miljarditest tdhtedest, gaasist ja tolmust, on
tihed tdhelepanuviirsemad siisteemid Universumis. Juba visuaalsete vaatluste pohjal
on n#ha, et neid on viga mitmesuguseid: spiraalseid, elliptilisi ning lisaks ka korra-
pératu kujuga. Selline mitmekesisus tekitab kiisimuse, kuidas galaktikad on tekki-
nud ning millised fiiiisikalised protsessid on galaktikate evolutsioonis olulised? Kuna
galaktikate tekkimine ja evolutsioon hdlmab paljusid erinevaid fiiiisikalisi protsesse
ning on seetdttu iisna komplitseeritud, siis on galaktikate tekkimine tdnapdeva kos-
moloogias iiks aktuaalsemaid teemasid. Galaktikate evolutsioni parem mdistmine on
ka antud vurimuse iiks eesmirke.

Praeguse iildtunnustatud arusaama jirgi tekivad galaktikad tumeaine halodes, ku-
hu koondub gaas ning kus peale gaasi piisavat jahtumist algab tiheteke. Galaktikate
tekkimine ja evolutsioon toimub hierarhilise arenguna: kdigepealt tekivad vidiksemad
siisteemid ning nende jirk-jargulisel liitumisel tekivad itha suuremad siisteemid. Sel-
lise hierarhilise kuhjumise kestel toimub véga palju galaktikate omavahelisi porkeid
ning tihinemisi, mis kdik mdjutavad galaktikate arengut.

Ténapédeva kosmoloogias on kiillaltki hiisti teada pohilised fiilisikalised protses-
sid, mis mojutavad galaktikate arengut. Peamiste protsessidena vdib vilja tuua ga-
laktikate porgetel toimuvad gravitatsioonilised hiiritused, tekkivad 166klained, gaasi
timberpaiknemine, tiheduse muutused, tdheteke ja supernoovade plahvatused, aktiiv-
sete galaktikatuumade mdju ning galaktikate litkumine 14bi galaktikate vahelise kesk-
konna. Hoolimata sellest, et me teame olulisemaid galaktikate arengut mdjutavaid
protsesse, on galaktikate tekkimine tervikuna tunduvalt halvemini teada. Peamiseks
pohjuseks on asjaolu, et me ei tea piisava tidpsusega, milliste fiilisikaliste tingimus-
te juures ja milliste keskkonna parameetrite puhul on eelpool nimetatud fiitisikalised
protsessid olulised. Kasutades pool-analiiiitilisi mudeleid, on praeguseks siiski kiil-
laltki palju uuritud erinevaid protsesse sdltuvana kujunevate galaktikate lokaalsest
timbrusest. Lokaalse iimbrusena vaadeldakse peamiselt galaktika gruppe ja parvi.

Vaatluslikust kosmoloogiast on teada, et galaktika grupid ja parved ei paikne
Universumis juhuslikult, vaid moodustavad suuremastaabilise kirgstruktuuri — super-
parvede ja tithikute vorgustiku. Kuidas galaktikate areng soltub suuremastaabilisest
struktuurist ning kas tithikutes ja superparvedes tekivad galaktikad sarnaselt voi eri-
nevalt, on kiillaltki vihe uuritud. Et uurida suuremastaabilise sturktuuri moju, on vaja
kasutada suuri galaktikate valimeid. Kasutades viimastel aastatel valminud suuri ga-
laktikate taevaiilevaateid on tekkinud vdimalus antud probleemi uurida vaatluslikult.
Uhtedeks olulistemaks taevaiilevaadeteks on 2dFGRS ja SDSS, mis kokku katavad
dra umbkaudu veerand taevast ning mis sisaldavad enam kui pool miljonit galaktikat.
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Kéesoleva to6 peamiseks eesmirgiks on uurida, kuidas galaktikate evolutsioon
s0ltub Universumi suuremastaabilisest struktuurist ning kuivord erinevad on galak-
tikate evolutsiooni pohiprotsessid galaktikaparvede tsentraalsete, satelliitgalaktikate
ja isoleeritud galaktikate jaoks. Uurimiseks kasutame praeguse hetke suurimaid ga-
laktikate iilevaateid 2dFGRS ja SDSS. Universumi suuremastaabilise struktuuri kir-
jeldamiseks kasutame heledus-tiheduse vilja, mis parast vaatluslikke ja selektsioo-
ni parandeid véimaldab kiillalt usaldusvédruselt eristada Universumis eri tihedusega
piirkondi: tiihikuid, filamente ja superparvi. Galaktika gruppide uurimiseks kasutame
galaktika gruppide ja parvede kataloogi, mis vOimaldab eristada grupi tsentraalseid
ja satelliitgalaktikaid ning isoleeritud galaktikaid.

Galaktikate evolutsiooni jilgimiseks kasutame galaktikate heledusfunktsiooni,
mis on iiks fundamentaalsemaid meetodeid vaatluslikus kosmoloogias. Me vordle-
me galaktikate heledusfunktsiooni taevaiilevaadete erinevatel alamvalimitel ning tee-
me sellest jareldusi galaktikate evolutsiooni médravate protsesside kohta. Galaktikad
jagame alamvalimiteks nende morfoloogia (spiraalsed, elliptilised) ning varvuse (pu-
nased, sinised) alusel. Samuti uurime heledusfunktsiooni eraldi galaktikagruppide
tsentraalsete, satelliit ja isoleeritud galaktikate jaoks. Kdiki eelpool nimetatud vali-
meid vaatleme sdltuvana suuremastaabilisest struktuurist ehk globaalsest tihedusest.

Galaktikate heledusfunktsiooni arvutamine eeldab, et me teame galaktikate tege-
likke heledusi. Vaadeldud galaktikate heledused sdltuvad paraku sellest, kas ja kui
palju on galaktikates tolmu. Galaktikasisene tolm neelab galaktika tdhtede valgust
ning seega ndeme vaadeldud galaktikat norgemana. Kuna tolmu on méarkimisvaar-
ses koguses eelkdige spiraalgalaktikatel, siis spiraalgalaktikate vaadeldud heledus
on neeldumisest kdige rohkem mojutatud. Antud t60s korrigeerime spiraalgalakti-
kate heledusi, et taastada galaktikate tegelik heledus. Neeldumise korrektuuri arvu-
tamiseks kasutasime iiksiku galaktika detailset modelleerimist. Selline iihe galaktika
detailne modelleerimine vdimaldas kindlaks teha, et neeldumine galaktikas sdltub nii
galaktika sisemisest struktuurist kui ka kaldenurgast, mille all galaktika meile pais-
tab. Galaktikates, kus domineerib mohn, on neeldumine suurem kui galaktikates, kus
domineerib ketas. Galaktika kaldenurgast séltuvuse analiiiis niitas, et neeldumine on
suurim peaaegu serviti paistvate galaktikate korral. Arvutuste tulemusena selgus, et
tolmu korrektsioon mdjutab spiraalgalaktikate heledusi kuni kaks korda.

Uurides galaktikate heledusfunksiooni grupi galaktikatele ning isoleeritud galak-
tikatele, jareldasime, et ndivalt isoleeritud galaktikad ei pruugi olla tdielikult isolee-
ritud. Enamus niivalt isoleerituid galaktikaid on pigem grupi tsentraalsed (heledai-
mad) galaktikad. Visuaalselt isoleeritud galaktikate olemasolu galaktikate valimis on
tingitud suures osas vaatluslikust selektsioonist: galaktikate iilevaadetes vaadeldak-
se ainult teatud heledusest heledamaid galaktikaid. Sellise vaatlusliku selektsiooniga
registreeritakse paljudes gruppides ainult heledaim galaktika ning grupi iilejdédnud
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galaktikad jddvad vaatlemata. Analiiiis grupi heledamate ja heleduselt jargmiste ga-
laktikate kohta niitas, et heledusfunktsioon grupi heledamatele galaktiatele alatihe-
dusega piirkondades langeb kokku heledusfunktsiooniga grupi heleduselt teistele ga-
laktikatele iiletihedusega piirkondades. See tulemus viitab, et suure tihedusega piir-
kondades olevad grupi heleduselt teised galaktikad on oma varasemas arengus tde-
ndoliselt olnud grupi tsentraalsed (heledaimad) galaktikad, enne kui see grupp on
tthinenud mone suurema grupiga. Saadud tulemus on kooskdlas hierarhilise kuhju-
mise teooriaga.

Uurides galaktikate heledusfunktsiooni soltuvana suuremastaabilisest struktuu-
rist, jareldasime, et elliptiliste galaktikate evolutsioon sdltub tugevalt timbritsevast
suuremastaabilisest keskkonnast, seevastu spiraalsete galaktikate heledusfunktsioon
jadb erineva tihedusega piirkondades muutumatuks. Elliptiliste galaktikate heledus-
te iildine sdltuvus globaalsest keskkonnast oli oodatav, kuna elliptilised galaktikad
tekivad vastavalt praegusele galaktikate tekke paradigmale peamiselt galaktikate {ihi-
nemise tulemusel ning tihedamates piirkondades on galaktikate iihinemisi keskmi-
selt rohkem. Spiraalgalaktikate heledusfunktsiooni sarnasus erinevates piirkondades
viitab, et spiraalgalaktikate tekkimine erinevates keskkondades on sarnane. Kuna hie-
rarhilise kuhjumise teooria jéargi peaks ka spiraalgalaktikatel olema sdltuvus timbrit-
sevast globaalsest keskkonnast, siis antud tulemus viitab, et spiraalgalaktikate tekki-
miseks on vajalikud spetsiifilised tingimused. Antud tulemuse detailne analiiiis nduab
pohjalikumaid vurimusi, mis on jdetud edaspidiseks.

Heledusfunktsiooni analiiiis sdltuvana galaktikate morfoloogilisest tiilibist osu-
tas, et heledate galaktikate hulgas domineerivad elliptilised galaktikad ning nérgema-
te galaktikate hulgas domineerivad spiraalsed galaktikad. Eelpool mainitud trend on
ka globaalsest keskkonnast sdltuv: tihedamates piirkondades domineerivad heleda-
mas otsas elliptilised galaktikad joulisemalt kui héredamas piirkonnas. Kui vaadelda
ainult tiihikuid suuremastaabilises struktuuris, siis seal domineerivad kogu heledus-
vahemikus spiraalgalaktikad. See viitab samuti asjaolule, et elliptilite galaktikate tek-
kimises on olulised galaktikte omavahelised pdrked ja ihinemised, mida hdredates
piirkondades esineb keskmisest vihem.

Antud t66 keskendus galaktikate evolutsiooni vaatluslikule uurimisele ning to6
tulemusi saab edaspidi rakendada vastavates numbrilistes ning pool-analiiiitilistes
mudelites, mis vdimaldavad tdpsemalt médrata, millised fiiiisikalised protsessid on
olulised erinevates keskkondades. Kéesoleva t60 tulemused néitasid selgelt, et lisaks
lokaalsele (gruppide) keskkonnale on galaktikate evolutsioonis oluline ka globaal-
ne, suuremastaabiline timbrus. Loodetavasti aitab suuremastaabilise keskkonna moju
arvestamine lahendada mdnesid huvipakkuvaid probleeme galaktikate tekke stsenaa-
riumites.
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